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Chapter 1 X-ray Diffractometers and Optics Used in Thin
Film Analysis

While the crystallinity of the measured object is relatively restricted in a powder sample or a
single crystal sample, a thin film sample may include a range of crystallinity types. For example,
in the case of a polycrystalline film and an epitaxial film on a single crystal substrate, the former
film will sometimes have low crystallinity and a low preferred orientation, while the latter film
has high crystallinity comparable to a thin single crystal. A comparison of the X-ray diffraction
profiles of these samples will show large differences in properties, including diffraction peak
width, angle difference between two or more peaks, and peak shape. To analyze the thin film
samples correctly, we must first acquire correct profiles by selecting the collimation (divergence
angle) and monochromaticity of the X-rays according to the crystallinity or other properties of
the sample.

Although the purpose of measurement is to observe the preferred orientation or an extremely
thin layer, thin film samples can often require observations from two or more directions by thin
film or in-plane measurements, in addition to ordinary 6-260 measurement. In such cases, we
must rotate the sample or the measurement axis to an orientation different from the 6-20 scan
and measure the angles.

This chapter gives an overview of the X-ray diffractometers used for thin film analysis and
describes the optics used to set the resolution and criteria for selecting the resolution of the
measurement optics.

§1.1 X-ray Diffractometers for Thin Film Analysis

An X-ray diffractometer generally consists of three parts: an X-ray source, a mechanical section
(goniometer), and a counter. Since thin film samples vary widely in crystallinity and preferred
orientation, we must often measure a sample by tilting it in various directions and changing the
scanning direction of the detector. Thus, an X-ray diffractometer for thin film analysis has
additional functions in the mechanical section (goniometer) and sample stage section.

When we change the scanning direction of the detector or the direction to measure the
diffraction angle 26, we must also set the angle resolution accordingly. In other cases, we may
need to change the collimation and monochromaticity of the X-ray beam for measurements
according to the crystallinity of the sample. In these cases, to change beam characteristics, we
must add optical devices to the incident and receiving optics in the front and rear of the sample
stage.

Fig. 1.1.1 shows the external appearance of the horizontal sample mount X-ray diffractometers,
the SmartLab and RINT/TTR III. The figure also gives a schematic diagram of the system
configuration. (The RINT/Ultima III is an X-ray diffractometer that uses an X-ray generator
differing from the RINT/TTR III. This text refers to the RINT/Ultima III and RINT/TTR III
simply as the RINT III series.)



4 Fmartlan

Incident optics / Receiving optics

X-ray source

A

Sample stage Attenuator

Mechanical section
(goniometer)

Fig. 1.1.1 Configuration of X-ray diffractometer
From above: external appearance of RINT/TTR III, external appearance of SmartLab (9kW),
and schematic diagram of the system configuration
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§1.2 Goniometer, Sample Stage, and Attenuator
1.2.1 Goniometer

A horizontal sample mount X-ray diffractometer has the two following goniometer axes.

« 0Ogaxis: The axis for setting the angle of the X-ray source with respect to the sample
surface. (The “S” in “0s” refers to “source.”

« Op axis: The axis for setting the angle of the detector with respect to the sample surface.
(The “D” in “Op” refers to “detector.”)

The 0s axis and the Op axis are used to set 20, the diffraction angle.

Op axis

Os axis

) Detector
Center of rotation of

X-ray source 0s axis and 0p axis

Diffraction angle, 26
Sample T (= 05+ Op)

Fig. 1.2.1 Goniometer axes in horizontal sample mount X-ray diffractometer

The optional in-plane arm has a 20, axis, which rotates the detector in a plane parallel to the
sample surface. In in-plane measurements, which perform measurements in the range close to 6s
=0° and Op = 0°, the diffraction angle 20 can be assumed to take the same value as the 260, axis.
If the measurement range is not close to s = 0° and 6p = 0°, as in pole figure measurements or
reciprocal space mapping measurements (mesh measurement), diffraction angle 26 differs from
20, and takes a value calculated based on angles, 0s, 6p, and 26,.



= Diffractometer side view = Center of
rotation of
20, axis

Detector

X-ray source

Sample

20, axis
(Rotates perpendicular to
the front of the paper)

. . Center of rotation of 26, axis
= Top view of diffractometer = t

20, axis

X-ray source
Diffraction angle, 20

(For in-plane measurement)
Detector

Fig. 1.2.2 In-plane axis (optional)

1.2.2 Sample Stage

The measurement sample is mounted on the sample stage at the center of the goniometer. The
sample stage has axes for adjusting the angles and positions of the sample based on the purpose
of the measurement, including sample rotation, sample swing, and sample translation. Fig. 1.2.3
shows an overview of the axes incorporated into the sample stage. Note that features such as the
shape of the sample stage, the number of axes in the sample stage, and the range of motion of
each axis vary depending on the model.



¢ axis (in-plane rotation)

1S
Ry axis (sample swing axis)

Rx axis /\/ l/\’
(sample swing axis) t /

‘[ \

Z axis (sample longitudinal axis)

¥ axis (swing axis)

X axis (translation axis)

Y axis (translation axis)

Fig. 1.2.3 Sample stage of horizontal sample mount goniometer

1.2.3 Attenuator

For samples with high crystallinity, the diffracted X-ray beam may have extremely high
intensity, and the scintillation counter may not be able to count correctly. In general, a
scintillation counter can withstand a counting rate of up to approximately 800 thousand cps. To
count X-rays with intensities above this value, we must use an attenuator.

An attenuator is an Al plate of a specified thickness. The attenuator is placed before the
scintillation counter to attenuate X-ray intensities to levels that can be counted by the
scintillation counter. The intensity counted with the attenuator inserted is multiplied by the
attenuation factor measured in advance for conversion to the direct X-ray intensity that would
have been registered without the Al plate.

An automated attenuator incorporates two or more Al plates of differing thicknesses, switching
the plates by a rotation mechanism. The plate with the suitable attenuation factor is chosen
depending on the X-ray intensity to be measured.

Table 1.2.1. Types of attenuators

Name Inside the attenuator
Open None
Ni Kf filter for Cu lines. A nickel foil whose thickness is adjusted based on

the difference in absorption coefficients of Ni for Cu K and K/ lines
so that the intensity ratio of the Cu K and K/ lines is 100:1.

1/X An aluminum foil whose thickness is adjusted so that the attenuation
(three types) factor for the Cu K« line is approximately 1/X. (The value of X varies,
depending on the diffractometer.)




SmartLab offers an automated attenuator mode and switches attenuators automatically when it
detects large intensity variations during measurement. The RINT III series provides functions
for specifying the angular positions to switch attenuators and perform measurements while
changing the attenuators one after another. Combined with attenuators, the scintillation counter
can make correct counts of intensity variations across approximately nine orders of magnitude.

§1.3 Types and Features of Optical Devices

Optical devices to be used for SmartLab and the RINT III series are listed below. These optical
devices are combined and inserted in the incident and receiving optics and adjusted to provide
the optical resolution based on the purpose. This section describes the components and features

of these optical devices.

Paraboloidal synthetic multilayer mirror
» CBO unit
Channel-cut crystals
»  Double-crystal monochromator
»  Four-crystal monochromator
» Double-crystal analyzer
Width-limiting slit
> Incident slit
» Receiving slit
Height-limiting slit
Soller slit

1.3.1 Paraboloidal Synthetic Multilayer Mirror

A paraboloidal synthetic multilayer mirror efficiently monochromatizes and collimates the
divergent beam generated from the X-ray source.

On a substrate with a flat surface, alternate layers of heavy and light elements (W film and B4C
film or Si film) are stacked periodically by the sputtering technique. This structure creates
regular variations in electron density and generates diffraction phenomena like a crystal. To
generate the diffraction phenomena selectively in the characteristic X-rays used in the X-ray
diffraction measurement and to extract the X-rays as a collimated beam, the mirror incorporates
the following features.

o Each layer of the multilayer film is formed in a paraboloidal curve. When the focus of the
X-ray tube is placed at the focus of the paraboloid, the diffracted X-rays form a collimated
beam, like waves reflected from a parabolic antenna.

o The thickness of each layer of the multilayer film is designed so that the wavelength of the
characteristic X-rays satisfies the diffraction condition. The layers do not have constant
thicknesses; they are thinner in the region nearer the focus of the paraboloid and thicker in



the region farther from the focus.

As a result, the divergent X-rays generated from the X-ray source are collimated and
monochromatized with wavelength components around the Cu Ka line. The monochromaticity
in terms of the intensity ratio of the Cu Ka line to the Kf3 line improves from the original
100:25 to 1000:1. The collimation improves with the divergence angle suppressed to
approximately 0.04°.

The shape and thickness of the multilayer film are optimized for each of the wavelengths of the
characteristic X-rays used. Thus, when we change the type of the target, we must also change
the multilayer mirror.

Focus F of the X-ray tube

$ Approximately 0.8 mm

— Paraboloid

Multilayer mirror

Fig. 1.3.1 Paraboloidal synthetic multilayer mirror

In the SmartLab and the RINT III series, the multilayer mirror is stored in the CBO unit.

The CBO unit (abbreviation for cross-beam optics) is a mechanism for conveniently switching
between the parafocusing method used mainly to measure powder samples and the parallel
beam method used to measure thin-film samples. Fig. 1.3.2 shows the structure of the CBO unit.

Although the divergent X-rays generated from the X-ray tube are partially reflected and
collimated at the multilayer mirror, certain components do not strike the mirror, propagating
instead with divergent characteristics unaltered. These two components propagate at different
heights. By using a slit with an appropriate gap height (selection slit), we can selectively extract
either of these components.

The parafocusing method uses the divergent beam generated from the X-ray tube as the incident
X-ray beam as-is. The selection slit used is the “BB” (abbreviation for Bragg-Brentano
parafocusing method) slit with a gap at a higher position. The parallel beam method uses the
beam collimated on the multilayer mirror as the incident X-ray beam. The selection slit used is
the “PB” (the abbreviation for Parallel Beam) slit with a gap at a lower position.



BB slit

Focus of X-ray tube

PB slit

D

Fig. 1.3.2  CBO unit and structure of selection slit

Multilayer mirror
(The upper surface is the
reflection surface)

Selection slit is inserted here.

1.3.2 Channel-Cut Crystal
A channel-cut crystal is an optical device that uses the diffraction phenomenon generated by a
single crystal to monochromatize and collimate X-rays.

The channel-cut crystal used in the SmartLab and the RINT III series is a Ge single crystal
block in which a channel is cut, with a structure consisting of two facing single crystals (Fig.
1.3.3). We use a Ge single crystal for its high crystallinity — Ge is sometimes referred to as a
perfect crystal (only two types of single-element materials are referred to as perfect crystals: Si
and Ge) — and for its atomic scattering factor, which is higher than that of Si.

Crystal lattice—>
planes ::> g
=

Single crystal block Channel-cut crystal

Fig. 1.3.3 Channel-cut crystal

Fig. 1.3.4 shows a schematic diagram of an X-ray beam incident on a channel-cut crystal.
Among the X-rays incident on the channel-cut crystal, those incident at the diffraction angle 6
satisfying the Bragg formula are diffracted and output from the outlet of the channel-cut crystal.
Since the crystallinity of the Ge single crystal is extremely high and significantly restricts
diffraction, the X-ray beam is highly collimated and monochromatized after passing through the



channel-cut crystal.
The crystal structure reflects the X-rays twice, not once, to extract the X-ray beam parallel to
the incident X-ray beam and simplify equipment design.

O
X-ray beam . (22.6° for Ge (220).)A"/A‘"

CuKay

Fig. 1.3.4 Monochromatization and collimation of X-rays by Ge (220) channel-cut crystal

1.3.3 Optics Based on Channel-Cut Crystal

The incident and receiving optics based on a channel-cut crystal include those listed below.

Incident optics — monochromator

»  Ge (220) double-crystal monochromator

»  Ge (220) four-crystal monochromator (SmartLab only)

»  Ge (400) double-crystal monochromator (SmartLab only)
Receiving optics — analyzer

»  Ge (220) two-bounce analyzer (SmartLab only)

»  Ge (400) two-bounce analyzer (SmartLab only)

A. Monochromator

A channel-cut crystal used in the incident optics is called a monochromator. Inserted next to
the CBO unit, a monochromator provides higher collimation and monochromaticity than a
paraboloidal synthetic multilayer mirror. Channel-cut crystal monochromators are classified by
the number of reflections and surface indices of the channel-cut crystal. Select a suitable model
based on the crystallinity of the sample and the purpose of the measurement.

A double-crystal monochromator uses one channel-cut crystal (two reflections). A
four-crystal monochromator combines two channel-cut crystals (four reflections), as shown in

Fig. 1.3.5.



Channel-cut crystal 1 Channel-cut crystal 2

CBO unit

Fig. 1.3.5 Ge (220) four-crystal monochromator

The double-crystal monochromator and the four-crystal monochromator differ in the aspects
listed below.

> Monochromaticity

The double-crystal monochromator can selectively extract only the Cu Ko line. The
four-crystal monochromator can provide higher monochromaticity than the double-crystal
monochromator and extracts only part of the Cu Ka; line.

> Angular resolution

While the angular resolution (apparent X-ray divergence angle) of the X-rays output from the
double-crystal monochromator depends on the diffraction angle of the measurement sample, the
angular resolution of the X-rays output from the four-crystal monochromator is constant across
a wide diffraction angle range. Fig. 1.3.6 shows the diffraction angle dependence of the angular
resolution for each monochromator.

0.03 - . : . ; S -
L oeecee Ge (220) double-crystal monochromator :' 1 ' =100
| == = Ge (400) double-crystal monochromator _-' 1 ]
==« Ge (220) four-crystal monochromator :' 1 -
m— Ge (440) four -crystal monochromator :: ! _’
L s 1 80
of )
© 0.02
3 ! ! 5
~ r I 8
2 2 St / 3
2 N fr ' 2
&) TN G ./ d40 B
N S =
0.01F s ) R g
N e &
-, \ // e
- o, o -
'\. \\ < o’ . =20
R N
L N2
L | L | L | L |
0.0 0
0 20 40 60 80

Bragg angle &

Fig. 1.3.6 Monochromators and their resolution
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> Diffraction intensity

Since the four-crystal monochromator selects X-rays that more rigorously satisfy the diffraction
condition, it results in lower X-ray intensity than the double-crystal monochromator.

Due to the preceding characteristics, select a double-crystal monochromator or four-crystal
monochromator after considering both resolution and intensity. If the material and crystal lattice
plane of the measured object are known, a suitable double-crystal monochromator can give both
high resolution and high intensity, producing a profile rapidly. If the Bragg angle to be measured
is in a low-resolution range with the double-crystal monochromator or if you need to measure
various materials or two or more crystal lattice planes of the same material sequentially, select
the more versatile four-crystal monochromator.

The diffraction plane indices of the double-crystal monochromator (Ge (220) and Ge (400))
differ in the aspects listed below.

> Diffraction angle dependence of angular resolution

As shown in Fig. 1.3.6, the double-crystal monochromator outputs X-rays with the angular
divergence reaching the minimum (and thus the angular resolution in a diffraction measurement
reaching the maximum) when the Bragg angle of the channel-cut crystal agrees with the Bragg
angle of the measurement sample. The Bragg angle is 0 = 22.6° for Ge (220) and 6 = 33.0° for
Ge (400).

> Diffraction intensity

The intensity of the X-rays output from a channel-cut crystal depends on the crystal structure
factor of the crystal lattice planes used in the channel-cut crystal. The crystal structure factor

corresponding to the Cu Ka line is 181.8 for Ge (220) and 155.1 for Ge (400). That is, when

X-rays of the same intensity enter the crystal, X-rays diffracted on the Ge (220) crystal lattice
planes have a greater intensity than those diffracted on the Ge (400) crystal lattice planes.

Given the preceding characteristics, select the Ge diffraction plane of the double-crystal
monochromator based on the following criteria.

If the material and the crystal lattice plane of the measured object are known, it helps to use a
monochromator with indices suitable for the diffraction angle. Since the diffraction angle of the
Ge (400) monochromator (6 = approximately 33°) is close to the diffraction angles of GaAs
(400) (0 = approximately 33.0°) and Si (400) (0 = approximately 34.5°), which are often used
as substrates of thin film samples, this can be a powerful tool when evaluating epitaxial films
deposited on these substrates.

Similarly, when measuring a material with a diffraction angle close to that of Ge (220) (65 =
approximately 22.6°), the Ge (220) double-crystal monochromator can be useful. If we use a
double-crystal monochromator simply to monochromatize the beam to the Cu Ka; line, the Ge
(220) double-crystal monochromator is more effective, since it has a higher crystal structure
factor and provides higher intensity.
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The diffraction plane indices of the four-crystal monochromator (Ge (220) and Ge (440))
differ in the aspects listed below.

> Angular resolution

A four-crystal monochromator provides high resolution across a wide diffraction angle range.
Here, a channel-cut crystal with higher reflection indices provides higher monochromaticity and
collimation.

> Diffraction intensity

Since the crystal structure factor of the Ge (440) plane is 121.3 and lower than the value (181.8)
for the Ge (220) plane, the usable X-ray intensity is lower for the Ge (440) plane.

Given the preceding characteristics, select the Ge (440) four-crystal monochromator when
measuring a single crystal substrate of a material with extremely high crystallinity (e.g., Si,
GaAs, or quartz). If we use the Ge (440) four-crystal monochromator for a material with
relatively low crystallinity, the measurement will be time-consuming, since the diffracted X-ray
intensity from the sample is relatively low.

B. Analyzer crystal

A channel-cut crystal used in the receiving optics is called an analyzer. An analyzer restricts
both the 20 take-off angle and wavelength, allowing precise observations of the diffraction
angle. The 26 angle receiving width of the Ge (220) analyzer crystal is approximately 0.003°.

When we use an analyzer crystal, we must also use receiving slits of the same width as the
incident slit before and after the analyzer crystal to shield the scattered beam (analyzer streak)
by multiple scattering (refer to Chapter 5) in the analyzer crystal.

Detector

Slit
Diffracted N
X-ray beam

Incident X-ray beam
> Two-bounce analyzer

Fig. 1.3.7 Two-bounce analyzer
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1.3.4 Width-Limiting Slit

A width-limiting slit restricts the size of the X-ray beam vertically. It can be controlled from

the PC and is used in both incident and receiving optics.

A. Incident slit (IS in SmartLab and Divergence Slit (DS) in the RINT Il series)

The width-limiting slit used in the incident optics restricts the width of the sample area
irradiated by X-rays. In X-ray diffraction measurements, the change in area irradiated by X-rays
must be suppressed during measurement, so that a sufficiently narrow slit is used to restrict the
X-rays within the area of the sample, or conversely, a sufficiently wide slit is used to soak the
sample in the X-rays (complete soaking). In contrast, with X-ray reflectivity measurements, a
narrow slit is always used, since the area of X-ray irradiation in the sample area must be
restricted. Fig. 1.3.9 shows the relationship between the width of the incident slit, the X-ray
incident angle, and the width of the sample area irradiated by X-rays.

Height-limiting slit/

Width-limiting slit
(Incident slit)

Width of the area of X-ray irradiation (mm)

100
90
80
70
60
50
40
30

20

Incident X-ray beam

Scattered X-ray beam

Incident angle (degree)

Fig. 1.3.8 Insertion direction of width-limiting slit and height-limiting slit
\ N
' \ N
\\\ ........... —
\ =< Lo e
0 0.1 02 03 04 0.5 0.6 0.7 0.8 0.9

x Width-limiting slit
(Receiving slit)

Fig. 1.3.9 Width of the area of X-ray irradiation determined by the incident slit
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B. Receiving slit (RS1 and RS2 in SmartLab and Scattering Slit (SS) and Receiving Slit
(RS) in the RINT Il series)

The receiving slits are used to determine the 20 resolution or to shield the scattered X-rays.

In the symmetric 26/w measurement, in which the incident X-ray beam and the diffracted X-ray
beam have the same width, the receiving slits are set to the same width as the incident slit to
avoid blocking the diffracted X-rays. In thin film measurements (26 scan) or asymmetric 26/w®
measurements in which incident X-rays and diffracted X-rays have different widths or in
in-plane measurements in which vertical angular resolution can be disregarded, measurements
are performed with receiving slits set to widths different from the DS or with a completely open
receiving slit combined with the Soller slit (described further below).

1.3.5 Height Limiting Slit (Length Limiting Slit)

The height limiting slit (the length limiting slit in SmartLab) restricts the width of the area of
X-ray irradiation in the longitudinal direction.

The height limiting slit is used to determine the area irradiated by X-rays combined with the
incident slit. Note that the paraboloidal synthetic multilayer mirror in the CBO unit collimates
X-rays only vertically and that X-rays are permitted to disperse widely in the lengthwise
longitudinal direction of the equipment. Thus, at the sample position, the X-ray beam spreads
beyond the width set by the height limiting slit. When a thin-film sample is measured, the
sample is also often rotated in-plane. For these reasons, we must select the slits after considering
the width of the sample both laterally and longitudinally.

Fig. 1.3.10 Height limiting slit; left: SmartLab; right: RINT III series

1.3.6 Soller Slit

A Soller slit is a set of metal foils placed at constant intervals. It extracts only those X-rays
parallel to the gaps between the metal foils, suppressing the divergence of the X-ray beam.

The divergence angle of the X-ray beam is smaller when the interval of the metal foils is smaller
and the length of the Soller slit is longer. Fig. 1.3.11 shows a schematic diagram of the vertical
Soller slit. The direction of collimation depends on the direction of the metal foils.
Horizontally-placed foils suppress vertical divergence of X-rays (vertical Soller slit) , while
vertically-placed foils suppress horizontal divergence of X-rays (horizontal Soller slit).
Angular resolution depends on the intervals at which metal foils are placed and the length of the
Soller slit, ranging between several degrees to several tenth of a degree.
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Fig. 1.3.11 Vertical Soller slit (Schematic diagram

An advantage of a Soller slit is that it does not unnecessarily block wide X-ray beams while
providing specific levels of angular resolution.

In measurements with a small X-ray incident angle with respect to the surface such as thin film
measurements (20 scan), asymmetric 20/ measurements, and in-plane measurements, the
irradiated area spreads widely, as does the width of the diffracted X-ray beam. If an ordinary slit
is used to capture such X-ray beams, only part of the wide-diffracted beam will pass through the
slit, resulting in loss of intensity. In contrast, a Soller slit has a large area through which X-rays
can pass, allowing selection of only the X-rays incident in a specific range without blocking the
widely spread X-ray beam.

The Soller slit for the receiving optics is designed so that a single Soller slit can be inserted
vertically or horizontally. The user can set the slit by selecting the direction in which resolution
is required. Two Soller slits can also be inserted side by side to set angular resolution
simultaneously in the vertical and horizontal directions. This technique is used for in-plane pole
figure measurements in which all possible out-of-plane and in-plane orientations take place.

Fig. 1.3.12 shows a schematic diagram of thin film and in-plane measurements in which the
Soller slit is useful.
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 Thin film measurement (Side view)
A vertical Soller slit is used.

20 scan

o In-plane measurement (Top view)
A horizontal Soller slit is used.

X-ray
source

20y(/d) scan

Fig. 1.3.12 Examples of measurement techniques using Soller slits

1.3.7 Examples of measurement techniques using Soller slits

In practical measurements, two or more optical devices are combined for measurement. Here,
although higher resolution provides higher measurement precision, it reduces the intensity of the
incident and diffracted X-ray beams and prolongs measurements. For efficient evaluations, we
must select the optics based on the type of measurement intended and the sample condition. The
selection criteria for the optics for each measurement technique are described in the
measurement exercises and in the chapters on each of the measurement techniques.
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Summary

Divergence angle of incident X-ray beam

Name

Function

Monochromaticity, AZ/A

Divergence angle, A0

Suppression of

Cu Ko/Kp intensity ratio

Multilayer mirror divergence angle from 100:25 to 1000:1 0.04%
Suppression of
Channel-cut divergence angle 3.8 x 10 0.008°
monochromator Improvement in ' (Near 6 =0°)
monochromaticity
Suppression of Ge (220) four-crystal: Ge (220) four-crystal:
Four-crystal divergence angle 1.5%10* 0.0034°
monochromator Improvement in Ge(440) four-crystal: Ge (440) four-crystal:
monochromaticity 23 %107 0.0015°
Receiving angle resolution
Name Function (Dsél’t gvsl’dgls) 26 resolution, A26
Open 0.84°
2 mm 0.34°
) 1 mm 0.17°
Slit gg{ﬁtvlzfent in 26 0.5 mm 0.084°
0.2 mm 0.034°
0.1 mm 0.017°
0.05 mm 0.0084°
Analyzer crystal Tmp rovement in 20 0.003°
resolution
(Often used for thin-film
Improvement in 26 or samples)
Soller slit 20y, resolution (Depends 1°
on direction of insertion) 0.4°
0.1°
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Chapter 2 Reciprocal Lattice

The Bragg formula can be used to state the conditions under which the crystal diffracts the
X-rays and to express the geometrical relationship between the positions of the crystal and the
X-rays. The concept of the reciprocal lattice is introduced to more clearly illustrate the
relationship between the crystal structure and the diffraction condition when describing the
spread of the diffraction condition by disorders in crystallinity or when illustrating the mutual
relationship between two or more lattice planes placed in three-dimensional space.

To clarify the principles of various diffraction measurement techniques using the reciprocal
lattice concept, this chapter discuses how the reciprocal lattice is defined and why the concept
of the reciprocal lattice is useful.

§2.1 What is a Reciprocal Lattice?

This section discusses what a reciprocal lattice is and how it is defined.

2.1.1 A Clear Expression

Before stating how a reciprocal lattice is defined, we will return to the previous discussion and
consider how to express the diffraction and scattering of the X-rays by a crystal when discussing
a complicated problem.

For example, Fig. 2.1.1 shows a drawing that directly expresses lattice planes
three-dimensionally placed in space. Although it shows only three types of planes and their
interplanar spacings diu, the drawing is already extremely complex. Now, how are these lattice
planes expressed in vector terms?

diko

7

7 O dooi

Fig. 2.1.1 Lattice planes (Planar representation)
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g hki

O (Arbitrary origin)
g nko

Fig. 2.1.2 Lattice planes (Vector representation)

We will represent the lattice planes with the vector gix. The direction of the vector g is defined
as identical to the normal to the corresponding lattice planes, while its length is defined to be
identical to the inverse of the corresponding interplanar spacing. Fig. 2.1.2 shows a drawing of
the lattice planes expressed with this vector representation. Compared to Fig. 2.1.1, replacing
the planar representation of the lattice planes with the vector representation simplifies the
drawing and makes it easy to understand. The vector used here is defined as follows:

The definition of the vector representing the lattice planes (/4/):

1. Direction of lattice planes (/4/): Identical to the normal to the lattice planes as drawn
from the origin

2. Length of lattice planes (4kl): Identical to the inverse of the interplanar spacing, d.

As specified above, the vector representing the lattice planes is called the reciprocal lattice
vector, the starting point of the vector is called the origin of the reciprocal lattice, and the end
point of the vector is called a reciprocal lattice point. The reciprocal lattice points
corresponding to the lattice planes in a crystal form a regular lattice reflecting the crystal
structure. This lattice is called the reciprocal lattice.

We will now consider a method for describing the diffraction condition and the spread of the
diffraction condition generated by the crystal imperfections (degradation of crystallinity or
disorders in the crystal lattice). First, we will illustrate the relationship between the lattice
planes and the first-order X-ray beam diffracted by the planes, as in Fig. 2.1.3.

Incident X-ray beam Scattered X-ray beam

(Wavelength, 1)
o~

dn $

Optical path difference,
2 d;,;dsinﬁ

Fig. 2.1.3 Diffraction condition (planar expression)
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In the representation of Fig. 2.1.3, the first-order diffraction condition is expressed by the
following formula:

2d,,sing =1 Formula 2.1.1

dwa:  Interplanar spacing
o Incident angle of the X-ray beam with respect to lattice planes

A Wavelength of the incident X-ray beam

However, it is difficult to express the spread of the diffraction condition generated by the
imperfection of the crystal, for example, the fluctuation in the interplanar spacing duy and the
fluctuations in the orientation of the lattice planes (crystal orientation). Now, how would we
express it in terms of the reciprocal lattice vector defined above? Fig. 2.1.4 illustrates the
relationship between the reciprocal lattice vector corresponding to a set of lattice planes and the
X-ray beam diffracted by the lattice planes.

Reciprocal lattice vector g

7 Scattered X-ray beam
(Wave vector k)

Incident X-ray beam
(Wave vector ko)

Fig. 2.1.4 Diffraction condition (Vector expression)

In this representation, the diffraction condition is expressed by the following formula:

k, -k, =g Formula 2.1.2

ko:  Wave vector of incident X-ray beam
ks:  Wave vector of scattered X-ray beam

gus:  Reciprocal lattice vector

Here, a wave vector expresses an X-ray beam as a vector. It is defined as a vector whose
orientation is the same as the direction of the X-ray beam and whose length equals 1/4 (or

2/7 A), where A is the wavelength. Formula (2.1.2) can be rewritten as follows, leading to the
same expression as Formula (2.1.1).
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kg - ko = ghkl
1 1 1
—>—cos(7/2—-60)+—cos(r/2—-0)=— Formula 2.1.3
ﬁ’ ﬂ' hkl

—2d,,sind =1

As shown in Fig. 2.1.5, in the representation in terms of the reciprocal lattice, for example, the
spread in the diffraction condition due to fluctuations in interplanar spacing dyx and to
fluctuations in the orientation of the lattice planes (crystal orientation) can be expressed as the
spread in the length and direction, respectively, of the reciprocal lattice vector; that is, as the
spread of the reciprocal lattice point. (Section 4.3 describes the details of the relationship
between the crystal structure or crystallinity and the position or spread of the reciprocal lattice
points.)

Spread of the reciprocal lattice point
due to fluctuations in interplanar spacing

Spread of the reciprocal lattice point
due to fluctuations in crystal orientation

Fig. 2.1.5 Spread of diffraction condition and reciprocal lattice points

As discussed to this point, the concept of a reciprocal lattice is extremely useful when
expressing the spread of the diffraction condition caused by imperfections in the crystal or when
illustrating the relationship between lattice planes placed in three-dimensional space. This is
because the concept can express the relationship between the crystal structure and diffraction
condition in a manner that is easily understood.

2.1.2 Definition of the Reciprocal Lattice

Now we will consider the mathematical definition of the reciprocal lattice.

The space in which the actual lattice and the actual lattice planes exist is called the real space.
The space in which the reciprocal lattice vectors exist is called reciprocal space. The actual
lattice is called the real lattice. The crystal axes a, b, and ¢, the fundamental vectors of the real
lattice, are expressed in real space. The lattice planes (4k/) are defined as a set of planes for
which the one closest to the origin intersects each of the axes at a/k, b/k, and c//, respectively.
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C axis

Reciprocal lattice point

G(hkl)
b aXiS ghkl

1/dpa

“\ ..
Origin O X7 Origin O

a/I\P a axis

Real space Reciprocal space

Fig. 2.1.6 Real space and reciprocal space

As discussed in the previous section, the direction of the reciprocal lattice vector g, is the same
as the normal to a corresponding lattice plane, and thus parallel to the vector product p of two
vectors in the lattice plane. If we denote gy as Kp (K times p), where K is a constant, we obtain
the following formula:

Kg :P:P—Q»Xa{’:[k—ijx(g—hjszc-l-cxa+a;kb Formula 2.1.4

k h Ik ki th

At the same time, the interplanar spacing duw equals, for example, the length of a/k projected
onto the unit vector gu/gnu, in the direction normal to the lattice plane, leading to the following
formula:

a
8wy Formula 2.1.5

h g

Here, based on Formula (2.1.4) and the fact that the length gy« of the reciprocal lattice vector
equals the inverse of duu, the value of the constant K can be obtained from Formula (2.1.5).
a
—-Kp=1
h

Wkl Formula 2.1.6

K=—""
a-(bxc)

The expression a*(b x ¢) in Formula (2.1.6) gives the volume of the unit cell. Denoting this
volume v., we can express constant K as K = hkl/v.. From Formula (2.1.4), gy« is expressed by
the following formula:

bxc cxa _axb
gu=h +k +1 Formula 2.1.7
v v v

c c c
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Here, we define the fundamental vectors a*, b*, and ¢* in the reciprocal lattice corresponding to
fundamental vectors, a, b, and ¢ in the real lattice as follows:

« bxe .. e¢xa . axb
a = ,b = , € = Formula 2.1.8
% % %

c c c

After denoting the fundamental vectors of the reciprocal lattice in this way, we can rewrite the
reciprocal lattice vector representing the reciprocal lattice point, G (k/) corresponding to lattice
planes (4kl) in the formula below obtained from Formula (2.1.7).

8w = ha” +kb" +1c Formula 2.1.9

§2.2 Reciprocal Lattice and Diffraction Conditions

In the previous section, we discussed how to define reciprocal lattice points. This section
discusses how incident and scattered X-ray beams are expressed in reciprocal space and how the
corresponding diffraction condition is expressed.

2.2.1 Reciprocal Lattice and Diffraction Conditions

As discussed in Section 4.1.1, incident and scattered X-ray beams are represented in the
reciprocal lattice by the wave vectors Kk, and k,, respectively, where the vector orientations are
identical to the direction of propagation of the X-ray beams, and where the vector lengths are
given by 1/A. The scattering specified by k, and k, is defined by the sum K of these vectors.
This vector K is known as the scattering vector.

k, -k, =K Formula 2.2.1
ko : Wave vector of incident X-ray beam
ke : Wave vector of scattered X-ray beam
K : Scattering vector

Scattering vector, K

Incident X-ray beam 7' Scattered X-ray beam
(Wave vector K,) (Wave vector Kg)

Incident angle, w7 Scattering angle, 26

Fig.2.2.1 Scattering vector
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As we see when we compare Formulas (2.1.2) and (2.2.1), when the scattering vector K agrees
with the reciprocal lattice vector guu corresponding to the lattice planes (4kl), the diffraction
condition is met, and we observe a strong diffracted X-ray beam. Thus, the diffraction condition
can be expressed by the following formula:

k, -k, =g Formula 2.2.2

Here, let us consider the relationship between the change in the incident angle or exit angle of
the X-ray beam with respect to the sample and the change in the point indicated by the
scattering vector K (the point observed in the reciprocal space).

1. Maintaining the scattering angle and changing the incident angle

If the scattering angle is kept constant and only the incident angle is changed—that is, if only
the sample is rotated—the relationship between the scattering vector and the sample changes as
shown in Fig. 2.2.2. In this case, the length of the scattering vector is kept constant and only the
direction with respect to the sample surface changes. That is, we can observe the diffraction by
lattice planes with the same interplanar spacing (length of the reciprocal lattice vectors) but
different orientations (directions of the reciprocal lattice vectors) by scanning the incident angle
while maintaining the scattering angle.

When the sample is rotated When the sample is fixed_ g
K 7

Fig. 2.2.2 Change in sample direction

2. Maintaining the equal incident angle and exit angle and changing the scattering angle

If the incident angle and the exit angle are kept equal and only the scattering angle is changed,
the scattering vector will change as shown in Fig. 2.2.3. In this case, the direction of the
scattering vector is kept constant; only its length changes. That is, we can observe diffraction by
lattice planes with the same orientation (direction of reciprocal lattice vectors) but with different
interplanar spacings (lengths of the reciprocal lattice vectors) by scanning the scattering angle
while keeping the incident angle and exit angle equal.
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Fig. 2.2.3 Change in scattering angle

3. Keeping the exit angle constant and changing the incident angle

If we keep the exit angle constant and change only the incident angle, the scattering vector will
change as shown in Fig. 2.2.4. In this case, both the orientation and length of the scattering
vector change. We can observe the diffraction by lattice planes with different orientations
(directions of the reciprocal lattice vectors) and different interplanar spacings (lengths of the
reciprocal lattice vectors). The divergence angle of the incident X-ray beam can also be
regarded as a change in the incident angle. If the divergence angle of the incident X-ray beam is
large, the diffraction condition spreads in the direction of the arrow, indicating the change in the
scattering vector in Fig. 2.2.4.

Fig. 2.2.4 Change in incident angle

4. Keeping the incident angle constant while changing the exit angle

If we keep the incident angle constant while changing only the exit angle, the scattering vector
will change as shown in Fig. 2.2.5. As in the case in which we change only the incident angle,
both the orientation and length of the scattering vector change. That is, we can observe the
diffraction by lattice planes with different orientations (directions of the reciprocal lattice

25



vectors) and different interplanar spacings (lengths of the reciprocal lattice vectors). The
receiving angle width when observing the scattered X-ray beam can also be regarded as the
change in the exit angle. If the receiving angle width is large, the diffraction condition spreads
in the direction of the arrow, indicating the change in the scattering vector in Fig. 2.2.5.

K

Fig. 2.2.5 Change in exit angle

2.2.2 Ewald Sphere

Showing vectors K, and Kk, in reciprocal space with their origins at the same point, Fig. 2.2.6
expresses the trajectory of the scattering vector observed with X-ray beams of a specific
wavelength; that is, with a wave vector of a specified length, regardless of the incident or exit
angle of the X-ray beam with respect to the sample.

Ewald sphere

Fig. 2.2.6 Trajectory of scattering vector observed with a specific wavelength (Ewald sphere)
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The radius of the circle shown in Fig. 2.2.6 is k = k, = k, = 1/A. The center of the circle is the
origin of the reciprocal lattice. It represents the trajectory of the scattering vector that can be
observed by an X-ray beam of wavelength A. Called the Ewald sphere, this sphere is defined as
a sphere in three-dimensional space.

The change isolated to the exit angle discussed in the last of Section 4.2.1 corresponds to the
rotation around K, alone in Fig. 2.2.6. The tip of the scattering vector, or the point at which
scattering can be observed, is a moving point on the Ewald sphere.

§2.3 Reciprocal Lattice and Crystal Structure

To grasp the relationship between the reciprocal lattice and measurement, first consider how the
position, size, and spread of a reciprocal lattice point correspond to the physical states of the
crystal structure and crystallinity.

As discussed in the previous section, the reciprocal space dimensional are values inversely
related to those in real space. When the crystallite is small or when crystallinity is low and the
region in which the atoms are regularly arranged is small, the reciprocal lattice points are large.
That is, the distribution (angular dependence) of the X-ray diffraction intensity corresponds to
the Fourier transform of the spatial distribution (position dependence) of the electron density in
the material. To give an intuitive sense of this property, this section discusses the relationship
between the crystal lattice and the reciprocal lattice and how various disorders in the crystal
structure (degraded crystallinity) affect the reciprocal lattice points.

2.3.1 Crystal Lattice and Reciprocal Lattice

A crystal lattice contains lattice planes with various orientations and interplanar spacings. This
section discusses how the reciprocal lattice points corresponding to these lattice planes are
arranged in reciprocal space to form the reciprocal lattice.

Using the relationship defined in Section 4.1, we can draw the reciprocal lattice corresponding
to a crystal lattice. The face-centered cubic lattice shown in Fig. 2.3.1 (a) produces the
reciprocal lattice shown in Fig. 2.3.1 (b). Here, based on the extinction rule of the original
crystal lattice, reciprocal lattice points not contributing to diffraction are removed.

27



022 222
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A
¢ |p* 020 220
000 2 200
(a) (b)

Fig. 2.3.1 Face-centered cubic lattice (a) and the corresponding reciprocal lattice (b)

As implied by the definition of the fundamental vectors of the reciprocal lattice, in the example
of a tetragonal lattice with ¢ axis longer than the a and b axes, the corresponding reciprocal
lattice is shorter in the ¢* direction and longer in the a* and b* directions.

022 222
002 202
111
A
¢ b 020 220
000 a’ 200
(a) (b)

Fig. 2.3.2 Face-centered tetragonal lattice (a) and the corresponding reciprocal lattice (b)

Fig. 2.3.1 and Fig. 2.3.2 indicate only part of the reciprocal lattice. An infinite number of
reciprocal lattice points corresponding to higher order reflection planes exist farther from the
origin. However, the number of reciprocal lattice points that can be observed by an X-ray beam
with a specific wavelength is limited. This is because it is practically impossible to observe
diffractions whose diffraction angles exceed 180°. Consider an example in which we use the Cu
K lines to observe various diffraction planes in a Si single crystal (diamond structure, a =
5.431 A)) whose (001) plane is parallel to the surface. Among the reciprocal lattice points of Si
shown in Fig. 2.3.3, only those at a distance from the origin—that is, those for which the
diffraction angle does not exceed 180°—are observed.
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Sphere corresponding to diffraction angle of 180°

—2.-24 0(24 2.24
—3.—33 —1.—13 1.13 333

-3-31 -1-11 111 331
-4-40  -2-20 000 220 440

Si(001) -

(@) (b)

Fig. 2.3.3 Reciprocal lattice and observable range

(Part of reciprocal lattice (a) and the corresponding cross section (b))

Fig. 2.3.4 shows the incident and scattered X-ray beams added to Fig. 2.3.3(a).

331
\4-40  -2-20

A
~

.
So .

Ewald sphere

(@) (b)

Fig. 2.3.4 Reciprocal lattice and X-ray beams

((a) Diffraction by (004) plane, (b) Diffraction by (-2-24) plane)
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As implied by Fig. 2.3.3, we observe diffraction by the (004) plane, which is parallel to the
surface, when the incident angle and the exit angle of the X-rays with respect to the sample
surface equals the Bragg angle. We observe diffraction by the (-2-24) plane, which is tilted with
respect to the surface, when the incident angle is small and the exit angle is large (or vice versa).
The former is called a symmetric reflection while the latter is called an asymmetric reflection.

Fig. 2.3.4 shows the plane (scattering plane) in which the incident and scattered X-ray beams
are present in the reciprocal space. This is a cross section of the reciprocal lattice. When the
sample is rotated in-plane (i.e., with the surface normal as the rotation axis), other reciprocal
lattice points appear on the scattering plane. We can observe the diffraction corresponding to a
reciprocal lattice point on the scattering plane by selecting the appropriate incident and
scattering angles of the X-ray beam with respect to the sample surface.

This section provided an overview of the reciprocal lattice in drawings and discussed how X-ray
beams and diffraction conditions are expressed in drawings. The next and subsequent sections
will focus on a single reciprocal lattice point and discuss how disorders in the crystal structure
(degraded crystallinity) affect the reciprocal lattice point.

2.3.2 Size of Crystallite and Spread of Reciprocal Lattice Point

Except in very few crystals of extremely high crystallinity, the intensity of the X-rays diffracted
by a crystal is proportional in many cases to the Laue function. Thus, if an orderly real lattice
stretches over a large region, diffraction conditions become quite strict, dramatically restricting
the range of diffraction angles over which we can observe diffraction intensity.

If an orderly real lattice occupies only a small region and has mismatches in slightly distant
positions or ends there, the diffraction conditions become less rigorous, and the range of
diffraction angles over which we observe diffraction intensity broadens. That is, the reciprocal
lattice point spreads.

Fig. 2.3.5 assumes the ¢, and ¢, axes (refer to Section 4.3.3 regarding ¢ and ¢,) in the reciprocal
space and shows the above property as a two-dimensional distribution of diffraction intensity.
As an example, the figure shows the value L of the Laue function calculated for (N, = 10, N, =
10) and (N, = 4, N, = 4), where N, is the number of lattice repeats along the direction of the a
axis and N, is the number of lattice repeats along the direction of the b axis. Diffraction
intensity in many crystals is proportional to L.
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Fig. 2.3.5 Diffraction intensity distribution near reciprocal lattice point

(Left: (N, =10, Ny = 10); right: (N, =4, N, =4))

As implied by Fig. 2.3.5, diffraction intensity is lower and the distribution range wider for a
smaller number of repeats of the unit cell; that is, for a smaller crystal region with a regular
arrangement of atoms.

These are isotropic examples of the same crystal size along the direction of the a and b axes.
What happens if the crystal is dimensionally anisotropic? Fig. 2.3.6 shows L for (N, =10, N, =
4).

Fig. 2.3.6 Diffraction intensity distribution near reciprocal lattice point

(N.=10, N, =4)

As implied by Fig. 2.3.6, if the crystal is dimensionally anisotropic, this anisotropy is reflected
in the intensity distribution of the diffracted X-rays in the reciprocal space. The distribution is
narrower in the direction of larger crystal size and wider in the direction of smaller crystal size.
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Fig. 2.3.7 summarizes these properties on the scattering plane.

Fig. 2.3.7 Crystal size and spread of reciprocal lattice points

(When the crystal is a thin disk (left) and when the crystal is a thin column (right))

In this way, by measuring the diffracted X-ray intensity distribution, or the spread in reciprocal
lattice points, we can assess the size of the crystal region in which the atoms are regularly
arranged.

2.3.3 Change in Lattice Constants and Position of Reciprocal Lattice Points

Since the length of the reciprocal lattice vector indicating the position of the reciprocal lattice
point is defined to be the inverse of interplanar spacing d of the corresponding lattice plane, the
distance between the reciprocal lattice point and the origin of the reciprocal lattice is greater
when d is shorter and shorter when d is longer. Fig. 2.3.8 illustrates this relationship.

K K
=
(a) (b)
K
—
—

(c)

Fig. 2.3.8 Change in interplanar spacing d and the position of reciprocal lattice points

((a) when d is long, (b) when d is short, (¢) when d fluctuates)
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As shown in Fig. 2.3.8, we can assess interplanar spacing d, or the magnitude of the lattice
constant and its fluctuations, by measuring the position and spread of the reciprocal lattice
point.

2.3.4 Change in Crystal Orientation and Position of Reciprocal Lattice Points

The direction of the reciprocal lattice vector indicating the position of the reciprocal lattice point
is defined to be identical to the normal to the corresponding lattice plane. If the direction of the
lattice plane changes (i.e., the orientation of the crystal lattice changes), the direction of the
reciprocal lattice vector also changes. Fig. 2.3.9 shows this relationship.

K K
(a) (b)
K
—
(c)

Fig. 2.3.9 Change in crystal orientation and position of reciprocal lattice points

((a) and (b) when the orientation is tilted, (c) when the orientation fluctuates)

As shown in Fig. 2.3.9, the change or fluctuation in interplanar spacing and the change or
fluctuation in crystal lattice orientation affect the position and spread of the reciprocal lattice
point in different ways. We can isolate these aspects of the crystal structure by measuring these
changes.

§2.4 Reciprocal Lattice and Measurement Axes

The sections up to this point have discussed the relationship between the crystal lattice and the
reciprocal lattice and the method of expressing the diffraction condition. We have also found

that a change in crystal structure and crystallinity is observed as a change in the position or
shape of the reciprocal lattice point. However, when measuring the position or shape of the
reciprocal lattice point in practical measurements to evaluate crystal structure or the crystallinity,
we need to understand the relationship between the reciprocal lattice and the measurement axes.
This section discusses the relationship between the rotation axes of the sample or of the
goniometer and the reciprocal lattice.
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2.4.1 Four-Circle Goniometer

In the goniometers typically used to measure single crystals or strongly oriented polycrystals,
the rotation axes of the sample and the counter, or the rotation axes of the goniometer, are
defined as in Fig. 2.4.1.

“ Scattered
F..) ¢ X-ray beam
Incident X-ray beam ; @
Scattering V Counter
e |
X
gt
®

Fig. 2.4.1 Rotation axes of gonioineter

In general, a goniometer with four rotation axes (three for rotating the sample and one for
rotating the counter) is called a four-circle goniometer. The rotation axis corresponding to the
incident angle of the X-ray beam in the scattering plane is called the ® axis. The rotation axis
(swing axis) perpendicular to the scattering plane is called the y axis. The rotation axis for the
in-plane rotation of the sample is called the ¢ axis. By rotating these three axes, we can orient
the sample to any desired angle. The rotational angle of the counter with respect to the incident
X-ray beam, or the diffraction angle, is called the 26 axis.

Fig. 2.4.2 shows the relationship between the axes indicated in Fig. 2.4.1 in the reciprocal space.

Incident X-ray beam @ Scattered X-ray beam

Fig. 2.4.2 Relationship between axes in reciprocal space

Fig. 2.4.2 shows the scattering plane, including incident and scattered X-ray beams. Section

4.3.1 stated that we can measure diffraction by a reciprocal lattice point on the scattering plane
if the appropriate incident angle and scattering angle are selected. However, measurements by
the reflection method face the limitations described below with respect to the range that can be

measured.
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For example, when we measure a thin-film sample on a substrate, we must select a lattice plane
so that the X-ray beam enters and exits from the surface. By doing so, we obtain sufficiently
strong diffracted X-ray intensity. When the incident and exit angles are restricted in this manner,
an ordinary four-circle goniometer has blind regions on the scattering plane in the reciprocal
lattice in which measurement cannot be performed.

Incident X-ray beam X-ray beam

Fig. 2.4.3 Blind regions

The two semi-circular shadowed regions shown in Fig. 2.4.3 are blind regions. If we try to
measure reciprocal lattice points in these regions, the geometry requires the incident X-ray
beam to enter the sample from the side or rear of the sample (semi-circular region on the left) or
the scattered X-ray beam to exit the sample from the side or rear of the sample (semi-circular
region on the right).

To observe reciprocal lattice points in these blind regions, we need to rotate the y and ¢ axes
and move the reciprocal lattice points to the observable region (out of the blind regions).

(\ Reciprocal lattice point and

reciprocal lattice vector

Blind region

S: Scattering plane P: Plane perpendicular to scattering plane and passing though the origin

Fig. 2.4.4 Moving reciprocal lattice points to observable region

As shown in Fig. 2.4.4, we can move a reciprocal lattice point out of the blind regions by
rotating the ¢ axis (sample in-plane rotation axis). We can then place the reciprocal lattice point
on the scattering plane once again by rotating the y axis (sample swing axis). In this way, we
can measure reciprocal lattice points in the observable region in the scattering plane in a
geometry in which X-rays enter and exit from the surface of the sample.
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However, if we measure a reciprocal lattice point as described above, we must rotate the sample
swing axis through a large angle. Here, if we use a line-shaped X-ray beam, we confront the
problem of incident X-ray beams irradiating out of the sample. This effect is especially marked
if we measure the reciprocal lattice points in a part of the blind region near the plane
perpendicular to the scattering plane and passing through the origin (P in Fig. 2.4.4). The
reciprocal lattice point to be used in measurement must be selected with care.

2.4.2 Goniometer for In-Plane Measurement

Now we will discuss a goniometer that resolves the problem of incident X-ray beams irradiating
out of the sample when we rotate the sample through the swing angle. This goniometer is used
in measurements to extract precise data on the sample surface and interfaces (in-plane
measurements).

Fig. 2.4.5 shows the rotation axes of the in-plane goniometer.

Incident X-ray bea

20

Fig. 2.4.5 Rotation axes of in-plane goniometer

The in-plane goniometer rotates the counter around the axis perpendicular to the axis of the 26
rotation. This corresponds to pulling the counter to the front instead of repositioning the sample
to face the front by tilting it 90°. This axis resolves the problem of incident X-ray beams
irradiating out of the sample encountered in measurements with large sample swing angles (i.e.,
with a large y axis). To enable this type of measurement, the in-plane goniometer adds a 20y
axis to the counter to supplement the 26 axis.
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This goniometer makes it possible to measure the reciprocal lattice points in the plane
perpendicular to the scattering plane and passing through the origin (P in Fig. 2.4.4) as well as
reciprocal lattice points in the blind regions. This measurement technique is called in-plane
measurement, since it measures the diffraction that occurs in the in-plane direction of the
sample surface.

Here, Fig. 2.4.6 helps clarify why the 26y axis has the same function as the y axis in the sense
that it moves a reciprocal lattice point to an observable region (moves it out of the blind regions)
and places it once again on the scattering plane. Fig. 2.4.6 shows the relationship in reciprocal
space between the rotation axes indicated in Fig. 2.4.5. Compared to the four-circle goniometer
in Fig. 2.4.2, the y axis that rotates the sample corresponds to the 26y axis that rotates the
scattering plane. To observe a reciprocal lattice point, the reciprocal lattice point must be placed
on the scattering plane. Here, it does not matter whether the sample (the reciprocal lattice itself)
or the scattering plane is rotated as the counter is rotated. The former corresponds to the
ordinary four-circle goniometer; the latter corresponds to the in-plane goniometer.

20y (Swing angle on the scattering plane)

X-ray beam

Fig. 2.4.6 Relationship between axes in reciprocal space

Now we will consider a method for measuring the reciprocal lattice points in the blind regions
described in Section 4.4.1. As described previously, the in-plane goniometer does not require
swinging the sample with respect to the incident X-ray beam, rotating the counter instead. Fig.
2.4.7 shows this mechanism in a manner comparable to Fig. 2.4.4.

Reciprocal lattice point and
reciprocal lattice vector

Blind region

S: Scattering plane P: Plane perpendicular to the scattering plane and passing though the origin

Fig. 2.4.7 Moving reciprocal lattice points to the observable region
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As shown in Fig. 2.4.7, we can move a reciprocal lattice point out of the blind regions by
rotating the ¢ axis (sample in-plane rotation axis). Then, we can place the reciprocal lattice point
once again on the scattering plane by rotating the 26y axis (the rotation axis perpendicular to the
20 rotation of the counter) and thus the scattering plane, rather than by rotating the reciprocal
lattice point. In this way, the reciprocal lattice points in the observable region in the scattering
plane can be measured in a geometry in which the X-rays enter and exit from the surface of the
sample.

When we measure the reciprocal lattice points as described above, we do not need to rotate the
sample swing axis. This resolves the problem whereby the incident X-rays irradiate the sample
from a tilted axis and pass out of the sample.

2.4.3 Reciprocal Space Coordinates

As discussed previously, we can identify the positions and shapes of the reciprocal lattice points
by measuring the diffraction intensity while scanning the measurement axes in various
directions. The position of the reciprocal lattice point, G (4kl), is the end position of the
reciprocal lattice vector expressed by Formula (2.1.9). To express the position and shape of G
(hkl) in reciprocal space, we sometimes use Cartesian coordinates (gx, ¢») in the reciprocal space
instead of measurement axes such as 26 and @. This coordinate system is called the q
coordinates or reciprocal space coordinates.

We define the q. and q, axes as shown in Fig. 2.4.8 and consider the relationship between P (g,
¢y) and the angular position, (26, w), specified by the incident X-ray beam k, and scattered
X-ray beam k. First, length g of the scattering vector is given by the following formula:

lg| =k, sin(26/2) + k, sin(20/2) = %sin@ Formula 2.4.1

_20 _
The angle d between the sample surface normal and the scattering vector is S=5-w . Thus,

g~ and ¢, are given by the following formulas:

2 ...20 . 20
q, = —sin—sin(— — o)
A 2 2 Formula 2.4.2
= Esin Ecos(ﬁ - o)
R T

Formula (2.4.2) can also be expressed as follows by summing the x and y components of k, and
k.

q, = %{cosa) —c0s(20 — w)}
Formula 2.4.3

1. .
q, = Z{sma) +sin(26 - a))}
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Formulas (2.4.4) and (2.4.5) give the same result. 2.4.4£2.4.5

9y

P (g, ¢

Ewald sphere

qx

Fig. 2.4.8 Reciprocal space coordinates

§2.5 Reciprocal Lattice and Resolution of Optics
Measurement resolution has several possible meanings. Resolution can be roughly classified as
follows:

1. Resolution of incident optics: Angular divergence and wavelength dispersion of
incident X-ray beam

2. Resolution of receiving optics: Resolution of the angle and wavelength on the side
receiving the scattered X-ray beam

Resolution of goniometer: Minimum rotation angle of each axis (Minimum step)

4. Resolution of measurement position: area irradiated by X-rays and depth (irradiated
volume)

1. Monochromatization and

X-rays generated collimation by incident optics
by X-ray source

4. Irradiated area

2. Angular and

Incident X-ray beam wavelength

Scattered

X-ray beam spectroscopy by

receiving optics

3. Sample rotation by goniometer

Fig. 2.5.1 Measurement resolution
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Among resolutions 1 to 4, the definitions of resolutions 1 to 3 are crucial for reciprocal space.
Although resolution 4 may be defined in the reciprocal space by the size of the crystal, the
X-ray irradiated volume in this sense is generally extremely large and the reciprocal lattice point
corresponding to this volume can be regarded as a dimensionless point.

This section discusses how resolutions 1 to 3 relate to measurements of the reciprocal
lattice—that is, to diffraction measurement.

2.5.1 Resolution of Incident Optics

We begin by considering 1 the resolution of the incident optics.

The angular divergence of the incident X-ray beam as specified by incident optics such as the
slit and the monochromator can be expressed in real space as shown in Fig. 2.5.1 and in
reciprocal space as shown in Fig. 2.5.2.

Spread of resolutio

Angular divergence of
incident X-ray beams

Fig. 2.5.2 Angular divergence of incident X-ray beam

If the incident X-ray beam has an angular divergence, the resolution in reciprocal space
spreads in the direction indicated by the arrow in Fig. 2.5.2. That is, incident X-ray beams
entering the sample at smaller and larger angles simultaneously undergo scattering
corresponding to points A and B, respectively. Here, the reciprocal lattice point is observed to
spread between points A and B.

Now we consider the wavelength dispersion of the incident X-ray beam as specified by
incident optics such as the slit and the monochromator. This wavelength dispersion can be
expressed in real space as shown in Fig. 2.5.1 and in reciprocal space as shown in Fig. 2.5.3.
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Fig. 2.5.3 Wavelength dispersion of incident X-ray beam

If the incident X-ray beam is characterized by wavelength dispersion and the receiving optics
lack sufficient resolution to monochromatize the dispersion for counting, the reciprocal lattice
point spreads in the direction indicated by the arrow in Fig. 2.5.3. That is, incident X-ray beams
with a longer wavelength (a shorter wave vector) and a shorter wavelength (a longer wave
vector) simultaneously undergo scattering corresponding to points A and B, respectively. Here,
the reciprocal lattice point is observed to spread between points A and B.

2.5.2 Resolution of Receiving Optics

Now we consider 2., the resolution of the receiving optics.

The receiving angular width of the scattered X-ray beam as specified by receiving optics such as
the slit and the analyzer can be expressed in real space as shown in Fig. 2.5.1 and in reciprocal
space as shown in Fig. 2.5.4.

Spread of resolution

Receiving angular width of
the scattered X-ray beam

Fig. 2.5.4 Receiving angular width of the scattered X-ray beam
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If the receiving optics simultaneously receive scattered X-ray beams of different scattering
angles, the resolution in the reciprocal space spreads in the direction indicated by the arrow in
Fig. 2.5.4. That is, the scattered X-ray beam with a smaller scattering angle corresponding to
point A and the scattered X-ray beam with a larger scattering angle corresponding to point B are
simultaneously received. Here, the reciprocal lattice point is observed to spread between points
A and B.

Now we consider the receiving wavelength resolution of the scattered X-ray beam as specified
by receiving optics such as the slit and the analyzer. This wavelength resolution can be
expressed in real space as shown in Fig. 2.5.1 and in reciprocal space as shown in Fig. 2.5.5.

B
"---.,__'\spread of resolution

_ Receiving wavelength
“r.resolution of the scattered

Fig. 2.5.5 Receiving wavelength resolution of the scattered X-ray beam

If the incident X-ray beam is characterized by wavelength dispersion and the receiving optics
have sufficient width in resolution to monochromatize the dispersion for counting, the
reciprocal lattice point spreads in the direction indicated by the arrow in Fig. 2.5.5. That is, the
incident X-ray beams with longer wavelength (shorter wave vector) and shorter wavelength
(longer wave vector) simultaneously undergo the scattering corresponding to points A and B,
respectively, and are counted simultaneously in the width of the wavelength resolution of the
receiving optics. Here, the reciprocal lattice point is observed to spread between points A and B.

2.5.3 Resolution Function

As determined in the previous section, if the resolution of the incident or receiving optics
decreases, scattering in a region in reciprocal space is simultaneously observed. When this
happens, even if the true reciprocal lattice point is an extremely small point, the reciprocal
lattice point is observed with a spread corresponding to the resolution. This region in which the
scattering is simultaneously observed is called the resolution function. The size and shape of
the resolution function depends on the optics used in the measurement. The results of the
investigation of the previous section show that the size and shape of the resolution function is
related to the resolution of the optics shown in Fig. 2.5.6.

42



Wavelength dispersion component on
the incident or receiving side

Receiving angular width -

on the receiving side \
| Resolution function

Ko K

Fig. 2.5.6 Resolution function

As shown in Fig. 2.5.6, even if we measure a sample of extremely high crystallinity and
sufficient size, if the resolution function spreads across a wide range, the reciprocal lattice
points of that sample will not be small points but will instead be observed to spread like the
resolution function.

The discussion in Section 4.3 indicates that the reciprocal lattice point spreads as shown in Fig.
2.5.7 with changes in crystal structure or degradation in crystallinity attributable to changes or
fluctuations in the crystal orientation or the lattice constants.

Change or fluctuation in lattice constants

Change or fluctuation in
crystal orientation

Fig. 2.5.7 Change in crystal structure and degradation in crystallinity

Here, to accurately measure the change in the position or spread of the reciprocal lattice point
due to a change in crystal structure or degradation in crystallinity, we must use a resolution
function that is sufficiently small relative to this change or spread. The optics for various
measurements can be determined from the relationship between the size of the reciprocal lattice
point to be measured and the resolution function of the measurement.
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2.5.4 Resolution of the Goniometer

Scanning by rotating the axes of the goniometer corresponds to measuring the scattering
intensity while scanning the reciprocal space using a resolution function of a specific size, as
shown in Fig. 2.5.8.

Fig. 2.5.8 Scanning of goniometer axes (for o axis)

Here, the minimum increments in which we can move the resolution function during
measurement depends on minimum steps of the scan axis corresponding to movement. The
minimum steps of the goniometer axes are thus related to resolution when measuring the
reciprocal lattice.

§2.6 Single Crystal and Polycrystal

So far, we have assumed that the sample is a single crystal in our discussion of the concept of
the reciprocal lattice. However, the actual sample may be a single crystal with fluctuations in
orientation, a polycrystal with a fiber orientation only, or a randomly oriented polycrystal with
no orientation. How do we express the reciprocal lattice of a polycrystal with a fiber orientation
or of a completely random polycrystal?

Fig. 2.6.1 schematically shows the reciprocal lattice of each of the samples above.

(a) (b) (c)

Fig. 2.6.1 Reciprocal lattice of (a) single crystal; (b); oriented polycrystal;
and (c) random polycrystal

44



As implied by Fig. 2.6.1, the appearance of the reciprocal lattice changes depending on whether
the sample crystal is a single crystal or a polycrystal and whether it has an orientation. The
orientation of crystallites in a polycrystal is generally not uniform; a polycrystal contains
crystallites oriented in various directions. This means the reciprocal lattice points are no longer
points. For samples with a fiber orientation, a reciprocal lattice point forms a circle around the
axis of the preferred orientation. If the sample is a random polycrystal with no orientation, the
circle spreads to a sphere of fixed radius. The radius of the sphere equals the inverse of the
interplanar spacing.

§2.7 Summary

This chapter defined and discussed the concept of the reciprocal lattice and its physical
meanings. It also discussed the relationship between the reciprocal lattice and various
measurement techniques, goniometers, and optical resolution. Summarized below are the major
definitions and other issues discussed in this chapter.

1. Definition of reciprocal lattice

Direction of lattice planes (4k/): Identical to the normal to the lattice planes as drawn
from the origin

Length of lattice planes (4kl): Equal to the inverse of the interplanar spacing dpxi.
Reciprocal lattice vector: g, =ha +kb +Ic

* * *
a =bxc, b =cxa, ¢ =axb

Diffraction condition: k, -k, =g,
2. Relationship between reciprocal lattice and crystal structure
Change or fluctuation in lattice constants

Change or fluctuation
in crystal orientation
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3. Relationship between reciprocal lattice and goniometer axes

Ordinary four-circle goniometer In-plane goniometer

4. Relationship between reciprocal lattice and resolution of measurement
Wavelength dispersion component on
the incident or receiving side

Receiving angular width ... L Angular divergence on the incident side
on the receiving side

Resolution function
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Chapter 3 Diffraction Measurements

Diffraction measurements are classified by measurement techniques. Measurement techniques
vary in the relative positions of the incident X-ray beam, sample crystal, and counter; scanning
directions of the axes; and optical resolution. However, all techniques are similar in measuring
the change in scattering intensity while rotating the axes.

This chapter uses the concept of the reciprocal lattice introduced in Chapter 2 to discuss the
relationship between measurement techniques and what information they can provide on crystal
structures and crystallinity. This chapter also describes practical measurement procedures and
precautions.

§3.1 Relationship between Various Measurement Techniques

The suitable measurement technique can provide a wide range of crystallographic information,
including crystal structures, crystallinity, crystal orientation, and lattice constants. As discussed in
Section 4.3, changes in these parameters appear in different directions in reciprocal space. As
discussed in Section 4.4, we can measure the distribution of scattering intensity in reciprocal space
by rotating the axes of the goniometer. By rotating the axes in the direction corresponding to the
change in the parameter to be measured, we can obtain the information needed. Diffraction
measurement techniques can be classified as shown in Table 3.1.1 based on the scanning method

of the axes.
Lattice constants and orientation
\Z\ Lattice strain
A Positions of reciprocal lattice points
Positions of scattering intensity peaks
(_J\%y;/@ Crystallinity
Preferred orientation Lattice defects and mosaicity
condition l
l' Spread and shape of reciprocal
Distribution of reciprocal lattice points lattice points
Wide-range distribution of scattering Local distribution of scattering
intensity intensity

Fig. 3.1.1 Relationship between measurement parameters and techniques
(Schematic illustration)
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Table 3.1.1

Various measurement techniques

Measurement technique

Information obtained

Scan axis

Out-of-plane measurement
(One-dimensional scan)

Information on lattice planes
parallel to sample surface

— Qualitative analysis and crystal
structure

20w
(Always 20=2 x w)

Thin film measurement
(One-dimensional scan)

Information near sample surface
(applies only to unoriented
samples)

— Qualitative analysis and crystal
structure

20

(Incident angle, w, is
fixed near the critical
angle.)

In-plane measurement
(One-dimensional scan)

Information on lattice planes near
and parallel to sample surface

— Qualitative analysis and crystal
structure

20y ¢
(Incident angle, w, is
fixed near the critical
angle.)

Pole figure measurement
(Two-dimensional scan)

Information on distribution of
specific crystal orientation
— Orientation analysis

x (@), ()

(28 0r sum of 20and 28y
is fixed at the diffraction
angle.)

Preferred orientation and Information on degree of preferred | w, g, or ¢
crystallinity measurement* | orientation or crystallinity
(One-dimensional scan) — Orientation and crystallinity
analysis
Rocking curve Information on film structure and 20w

measurement*
(One-dimensional scan)

crystallinity of epitaxial or single
crystal

— Crystallinity, film thickness, and
composition ratio

RSM measurement
(Two-dimensional or
three-dimensional scan)

Information on d-value of
three-dimensional components of
preferred orientation, crystal
orientation, and degree of preferred
orientation

— Qualitative analysis, orientation
analysis, and crystallinity analysis
Information on film structure and
crystallinity of epitaxial or single
crystal

— Crystallinity analysis and
epitaxial analysis

20w, o (,y or @)
26x19, ¢ (. or §)

* For polycrystal measurements, the w scan for measuring the degree of preferred orientation is

sometimes called “rocking curve measurement.” To avoid confusion, the term, “rocking curve

measurement” will refer specifically to 28w scans for an epitaxial or single crystal. The @ scan

for measuring the degree of orientation is called “orientation measurement.”
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The following sections discuss measurement procedures and measurement data interpretation
for the measurement techniques listed in Table 3.1.1.

§3.2 What Does Diffraction Measurement Observe?
3.2.1 Out-of-Plane Measurement

Out-of-plane measurement measures diffraction by lattice planes parallel to the sample surface.
As Fig. 3.2.1 shows, the incident angle and the exit angle of the X-rays with respect to the
sample surface are always equal when you measure diffraction by lattice planes parallel to the
sample surface. Such measurements essentially scan the 28w axis while maintaining a

relationship in which the diffraction angle 28 1is twice the incident angle w.

20w

D

Fig. 3.2.1 Schematic illustration of out-of-plane measurement

For example, in the case of a single crystal sample with a surface parallel to the (001) plane,
out-of-plane measurement observes the lattice planes parallel to the (001) plane but with
different interplanar spacings, such as the (002) and (003) planes. For an oriented polycrystal
sample having a fiber orientation such that the (001) plane is parallel to the surface, this
technique similarly observes planes parallel to the (001) plane but with different interplanar
spacings, such as the (002) and (003) planes. For random polycrystal samples, this technique
observes all lattice planes, although the diffraction spots observed here are diffracted from
crystallites with lattice planes parallel to the surface.

Thus, out-of-plane measurements can be used for qualitative analysis and for determining the
presence or absence of a preferred orientation, interplanar spacings of the lattice planes parallel
to the surface, lattice constants corresponding to these interplanar spacings, and the crystallinity
of a crystal lattice parallel to the surface. However, out-of-plane measurements cannot observe
lattice planes perpendicular to the surface and cannot provide information on the presence or
absence of the in-plane orientation. It cannot distinguish between a fiber-oriented and a single
crystal sample. To evaluate in-plane orientation, we use asymmetric reflection or in-plane
measurement.
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3.2.2 Thin Film Measurement

Thin film measurement is an efficient technique for measuring scattering from the region near
the surface while avoiding scattering from the substrate. It uses X-ray incidence at a grazing
angle relative to the sample surface, changing only the scattering angle during measurement.
Here, the incident angle is set near the critical angle at which the X-ray depth of penetration into
the sample is extremely low. We can also investigate the depth dependence of sample states
using several types of thin film measurement performed while changing the incident angle.

This measurement technique is equivalent to scanning just the scattering angle 2 8 while
maintaining the incident angle w at a small angle. Here, as Fig. 3.2.2 shows, as scattering angle
20 changes, the orientation of the crystal observed changes. Thin film measurement observes
lattice planes oriented in all directions with respect to the sample surface. With a single crystal
or an oriented sample, this technique observes just the lattice planes corresponding to the
reciprocal lattice points that incidentally enter the trajectory of the 2 scan, as indicated in Fig.
3.2.2.

28

Fixed o

)

_= 2

/

¢////

Fig. 3.2.2 Schematic illustration of thin film measurement

Thin film measurement can be used for qualitative analysis of an unoriented (or weakly
oriented) polycrystal sample and to investigate lattice constants and the crystallinity of such a
sample. We can also investigate the depth dependence of these physical quantities. However,
this method generally cannot be used to analyze a strongly oriented polycrystal sample or a
single crystal sample, since these samples with this technique generate no or virtually no
diffraction peaks.

3.2.3 In-Plane Measurement

In-plane measurement measures lattice planes perpendicular to the sample surface. Like thin
film measurement, in-plane measurement relies on X-ray incidence at a grazing angle relative to
the sample surface. It can acquire information on crystal states in the direction of depth by
performing two or more sets of measurements with different incident angles.

If the X-ray beam is incident on the sample at a grazing angle, the total reflection phenomenon
will occur if the incident angle is less than the critical angle, in which case X-rays incident on
the sample propagate parallel to the sample surface.
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When X-rays propagating parallel to the sample surface are diffracted by lattice planes
perpendicular to the sample surface, the diffracted X-rays also exit the surface at a grazing angle.
Measuring this diffraction is equivalent to scanning the 2 8y/ ¢ axis while maintaining a
relationship in which the diffraction angle 2 8y perpendicular to the sample surface is twice the

sample in-plane rotation angle ¢. Fig. 3.2.3 shows the direction of the scan in reciprocal space.

204/ ¢

Sample side view Sample top view

Fig. 3.2.3 Schematic illustration of in-plane measurement

Consider a cubic crystal sample. Assume a single crystal sample with surface parallel to the
(001) plane and perpendicular to the (110) plane and a (110) plane in the direction indicated as
20y/ ¢ in the top view of Fig. 3.2.3. In this case, the 2 8y/¢$ scan observes planes parallel to the
(110) plane but with different interplanar spacings, such as the (220) and (330) planes. For an
oriented polycrystal sample having a fiber orientation such that the (001) plane is parallel to the
surface, this technique observes all planes perpendicular to the (001) plane, such as the (100)
and (120) planes, in addition to planes parallel to the (110) plane but with different interplanar
spacings, such as the (220) and (330) planes. For a random polycrystal sample, this technique
observes all lattice planes, although the diffraction spots observed here are diffracted from
crystallites having lattice planes perpendicular to the surface.

Thus, in-plane measurement can be used for qualitative analysis and for investigating the
presence or absence of the preferred orientation, the interplanar spacings of the lattice planes
perpendicular to the surface, lattice constants corresponding to these interplanar spacings, and
the crystallinity of the crystal lattice perpendicular to the surface. In addition, since in-plane
measurement can observe lattice planes perpendicular to the surface, it can provide information
on the presence or absence of in-plane orientation. For example, it can distinguish between a
fiber-oriented sample and a single crystal sample or confirm the presence or absence of
twinning.

As described above, in-plane measurement can change the depth of analysis by varying the
incident angle. The figure below shows the relationship between the incident angle and depth of
penetration (the depth at which the incident X-ray intensity drops to 1/e).
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Fig. 3.2.4 Incident angle and depth of penetration

As implied by Fig. 3.2.4, the depth of penetration changes abruptly near the critical angle. We
can investigate changes in crystal structure or crystallinity in the direction of depth by
performing in-plane diffraction measurements while varying the incident angle across the
critical angle. We can also identify deposits at the surface or interfaces by qualitatively
analyzing two or more measurement results with different incident angles.

3.2.4 Pole Figure Measurement

Pole figure measurement measures diffraction intensity distributions by rotating the sample in
all directions while keeping the diffraction angle constant. The direction at which high
diffraction intensity is observed corresponds to the preferred direction of the pole figure axes
(indicating that crystallites with the measurement planes oriented in that direction are dominant).
The pole figure measurement expresses the preferred orientation of the sample with pole figure
axes o and f. As shown in Fig. 3.2.5, « and f correspond to the y and ¢ axes of the four-circle
goniometer, respectively.

Fixed diffraction
angle Sphere with constant

diffraction angle

f-scan (c=al)
Sscan (a=a2)

/////éé /// fscan (o=a3)

Scan direction of pole figure axes « and S Pole figure measurement procedure

Fig. 3.2.5 Schematic illustration of pole figure measurement
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The results of pole figure measurement are expressed as a pole figure (Fig. 3.2.6).
Projection of intensity

distribution AN
/ =07, B0
Sphere with const
diffraction angle
1 o o
n& £=90 oo P20
=0 /=180
Pole figure measurement (reciprocal space) Pole figure

Fig. 3.2.6 Pole figure

Consider the example of a cubic crystal sample. Fig. 3.2.7 shows the results of a pole figure
measurement of the (111) plane and of the (220) plane perpendicular for three cases: 1. a
randomly oriented sample; 2. a sample with the (111) plane fiber-oriented parallel to the surface;
and 3. a single crystal sample with the (111) plane parallel to the surface.

For a randomly oriented sample with no preferred orientation as indicated in 1, the pole figures
show only a small change in the diffraction intensity in different orientations, producing a flat
intensity distribution. The slight orientation dependence of the diffraction intensity is not caused
by preferred orientation, but by the change in the area of X-ray irradiation and in absorption
accompanied by changes in X-ray incidence and exit angles relative to the surface.

For a sample having the {111} fiber orientation shown in 2, the pole figure of the (111) surface
shows strong diffraction intensity at the center (at the point corresponding to the component
parallel to the sample surface). This high intensity indicates the dominance of the components
satisfying the diffraction condition in this direction—that is, the dominance of crystallites with
(111) plane parallel to the surface. For a cubic crystal sample, the {111} planes ((-111), (11-1),
and (1-11) planes) are found oriented 70.5° to the (111) plane. All these planes have the same
diffraction angle. The pole figure also shows strong diffraction intensity in the direction at & =
70.5°. However, since it lacks an in-plane (/3 direction) orientation, the pole figure does not have
a distribution and shows a ring-shaped intensity distribution. The pole figure of the (220) plane
shows the diffraction intensity distribution produced by the {220} planes at 35.3°and 90.0° to
the (111) plane.

For a single crystal sample with the (111) plane parallel to the surface of 3, the pole figure of the
(111) surface shows strong diffraction intensity at the center and at 70.5° form the (-111);
(11-1); and (1-11) planes. Here, the intensity distribution in the /2 direction does not form a
ring-shaped distribution. We observe strong intensity only in the directions in which the {111}
planes exist in the single crystal, resulting in the pole figure shown in 3. of Fig. 3.2.7. The pole
figure for the (220) plane shows the diffraction intensity distribution produced by the {220}
planes found oriented at 35.3° and 90.0° to the (111) plane, as shown in 3. of Fig. 3.2.7.
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Pole figure of (111) plane

1. Randomly oriented sample

a=0" , 0"
B=90° B=270°
B=180°
2. (111) fiber-orientated sample
oa=0° , p=0°
a=70.5°
£=90° B=270°
B-180°
3. (111) single crystal sample
a=0" , p=0°
B=90° B=270°
S=180°

Pole figure of (220) plane

a=0" , p=0°
3=90° £=270°
/=180°
a=0" , =0
a=35.3°
3=90° £=270°
£=180°
a=0" , B0
&90O ‘b &2700
o1/

Fig. 3.2.7 Examples of pole figures

3.2.5 Preferred Orientation and Crystallinity Measurement

Preferred orientation measurement measures a cross-section of a pole figure measurement. That

is, it scans the ¢ axis or the £ axis and measures the spread (width) of the diffraction intensity

distribution. The underlying principles are the same as for pole figure measurement. Here, the

spread of the diffraction intensity is related to quantities such as the degree of preferred

orientation or mosaicity.

The degree of preferred orientation is a term for expressing the amount of preferred orientation

present in the sample compared to a randomly oriented sample. For example, in a randomly
oriented sample, the diffraction intensity is uniformly distributed in the range = 0° to 360°. In
an oriented sample in which the diffraction intensity is observed in the range = 81° to 109°

and f=261°to 279°, the degree of preferred orientation is calculated as follows: (spread of

diffraction intensity)/360 = 36/360 = 10%.
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Mosaicity is a term for the amount of fluctuation in orientation compared to a perfect single
crystal. While mosaicity lacks a specific quantitative definition, if a perfect crystal does not
show a spread in the diffraction intensity with width of 0° and a sample shows a spread in
diffraction intensity from the center of £0.5°, the crystal orientation of that sample can be
regarded to fluctuate across a range of 1°. In this case, mosaicity can be expressed as 1°.

1 1
90° 270° ! .
: : i Mosaic sample

Oriented sample _ /
/ Randomly i

o oriented sample

Perfect single
crystal

0° ¢ 360° w

Fig. 3.2.8 Degree of preferred orientation (left) and mosaicity (right)

3.2.6 Rocking Curve Measurement

Rocking curve measurement measures diffraction intensity distributions along a reciprocal
lattice vector. As Fig. 3.2.9 shows, this measurement does not require the incident angle and exit
angle of X-rays relative to the surface to be equal. It scans the 28w axis while maintaining a
relationship in which a change in diffraction angle 2 8is always twice the change in incident
angle w. Since rocking curve measurement measures the diffraction intensity distribution along
a reciprocal lattice vector, it can measure changes in interplanar spacing.

Rocking curve measurement is generally used to evaluate the thickness or mixed crystal ratio of
an epitaxial film on a sample called a perfect crystal—i.e., one with extremely high crystallinity.
Chapter 7 gives a detailed discussion of the principles underlying rocking curve measurement.

2000w

20w

Shil kg

D

\/
=

Fig. 3.2.9 Schematic illustration of rocking curve measurement:
(left) symmetric plane; (right) asymmetric plane
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3.2.7 Reciprocal Space Mapping (RSM) Measurement

Reciprocal space Mapping (RSM) measurement measures diffraction intensity distributions by
scanning both the diffraction angle and sample rotation axes and plots the result in reciprocal
space. As described in Chapter 2, the reciprocal lattice includes information on the crystal
structure, crystal orientation relationships, crystallinity, and the preferred orientation of the
sample investigated. The central coordinates, shapes, and positional relationships of the
reciprocal lattice points appearing in the two-dimensional (or three-dimensional) data plotted in
reciprocal space provide a wide range of information on crystal structure.

As Fig. 3.2.10 shows, RSM measurement measures the positions and shapes of reciprocal lattice
points by scanning the 28 and w axes in the scattering plane as specified by the specific values
for y and ¢. Three types of scanning methods are used: “w step 28w scan,” which repeats the
20w scan while gradually changing w; “28w step @ scan,” which repeats the @ scan while
gradually changing 2 8/w; and “mesh measurement,” which scans the axes while maintaining
constant step intervals in q coordinates.

A diffractometer capable of performing in-plane measurements can also perform in-plane
reciprocal space mapping measurements. Two types of scanning methods are used: “¢ step

20yl ¢ scan,” which repeats the 28y/ ¢ scan while gradually changing ¢; and “28y/¢ step ¢ scan,”
which repeats the ¢ scan while gradually changing 2 8y/¢.

When measurement is performed by a scanning method other than “mesh measurement,” the
angular position on each axis is converted into q coordinates using Formula 3.2.1 or Formula
3.2.2. A reciprocal space map plots the diffraction intensity in q coordinates in different colors.

9w
(0]
20w \/'

20w »
N

q:

.

Positions of reciprocal lattice points Various scanning methods

Fig. 3.2.10 Schematic illustration of RSM measurement
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Consider the example of a heteroepitaxial sample in which a cubic crystal film is epitaxially
grown on a cubic crystal substrate. The film has lattice constants slightly greater than the
substrate. If a beam diffracted from the film produces a distribution in the reciprocal lattice
point centered at (¢x, gy), it provides the following information:

q,/1 [001]

Reciprocal lattice distribution (20[)

of substrate

Reciprocal lattice distribution (40/)
of film

Center coordinates = (¢x, ¢,)

qy

> qx// [h00]

qx

Fig. 3.2.11 RSM map of (h0[) plane

« Information provided by the center coordinates of the reciprocal lattice distribution
From the center coordinates of the reciprocal lattice, we can calculate interplanar spacing d.
Since the length |g| of the reciprocal lattice vector is the inverse of d, the following formula
holds:

gl 1 Formula 3.2.1

d i +q

When ¢, and g,, the axes of the q coordinates, are parallel to crystallographic axes [4200]
and [00I] of the sample, respectively, we can calculate djp and dyy separately based on the
values of the center coordinates (g, ¢,) of the (h0]) reciprocal lattice distribution. The
operation used to match the axes of the q coordinates with the crystallographic axes of the
sample is performed as part of sample alignment in the measurement.

1 1

dhOO =—, doy =7 Formula 3.2.2

: ]

Multiplying the values of dxp and dypo; by the Miller indices produces lattice constants a and
c. In addition, if the reciprocal space map is similarly measured for the Miller indices in
which k is not zero, we can also calculate lattice constant b. In this manner, we can
determine the lattice constants and crystal system based on the results of RSM
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measurements for two or more Miller indices.

« Information provided by spread of reciprocal lattice distribution
If the crystallinity of the epitaxial film is less than that of the substrate, the reciprocal
lattice point distribution will broaden. The direction in which the distribution broadens
depends on the type of change in crystallinity. Fig. 3.2.12 illustrates this property.

20 w
20w
Reciprocal lattice point
@ Substrate é)
O Film

T
\

Real lattice I\\ | |\ |\ |

t~——1

(a) Fluctuation in orientation (b) Fluctuation in lattice constant

Fig. 3.2.12 Reciprocal space map of heteroepitaxial layer (crystallinity)

If the epitaxial film is a mosaic crystal or if the lattice is bent by stress, the crystal
orientation fluctuates, and the reciprocal lattice points of the film spread in the @ direction
(the direction of the arc of the RSM measurement range) with respect to that of the
substrate as shown in Fig. 3.2.12 (a).

If the epitaxial film has a dislocation, parts with a mixture of relaxed and unrelaxed lattices,
or variations in composition ratios, the lattice constants will fluctuate, and the reciprocal
lattice points of the film will spread along the 28w direction (the radial axis of the RSM
measurement range) with respect to that of the substrate, as shown in Fig. 3.2.12 (b).

« Information provided by relative positions with respect to reciprocal lattice points of
substrate

The relative positions of the reciprocal lattice points of the epitaxial film and the substrate
change, depending on lattice matching and the presence or absence of lattice relaxation.
Fig. 3.2.13 schematically illustrates the entire reciprocal space map.
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Reciprocal lattice point substrate[001]

@ Substrate 00/ cubic[112] 007 cubic[112] 00/
O Film A tetragonal[ 112]

film[001]

Real lattice

(a) Relaxed lattice (b) Strained lattice (c) Tilted lattice

Fig. 3.2.13 Reciprocal space map of heteroepitaxial layer (lattice relaxation)

The term lattice relaxation refers to the state of an epitaxial film having the same cubic crystal
structure as the bulk of the material composing the film, as shown in Fig. 3.2.13 (a). In this case,
the reciprocal lattice point of the film with the indices (%4/) is positioned on the line connecting
the reciprocal lattice point (/k7) of the substrate and the origin of the reciprocal lattice—along
the line of the 28w scan for both symmetric and asymmetric reflections.

If the lattice of the film is strained at the interface between the epitaxial film and the substrate in
a manner such that the in-plane lattice constants (a and b in Fig. 3.2.13) of the epitaxial film and
substrate match, the reciprocal lattice point of the film with the indices (44/) is positioned
directly below the reciprocal lattice point (kk/) of the substrate for both symmetric and
asymmetric reflections, as shown in Fig. 3.2.13 (b). Here, for asymmetric reflections, the
reciprocal lattice points of the substrate and the film are not positioned on the same line of the
20w scan. As Fig. 3.2.14 shows, the lattice of the film is strained to form a tetragonal crystal
structure (a = b # c), so that the (Ak/) direction differs from that for the cubic crystal structure of
the substrate.
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Orientations of the substrate and Orientations of the substrate and film

film agree for both symmetric and agree for symmetric reflections.
asymmetric reflections.
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Fig. 3.2.14 Asymmetric reflection of strained lattice

Depending on the layer structure and heat treatment conditions of the epitaxial film, the

interface may assume a state intermediate between the “relaxed lattice” and “strained lattice”
indicated in Fig. 3.2.14. The degree of relaxation is expressed by the relaxation rate. The
relaxation rate is calculated from the in-plane lattice constants of the substrate and epitaxial film.
If we denote the lattice constant of the substrate as as, the lattice constant of the completely
relaxed epitaxial film as ao, and the lattice constant of the measurement sample as a, the
relaxation rate is given by the following formula:

a—a
s

Relaxation rate = x 100(%) Formula 3.2.3

0 s

For the “relaxed lattice,” a = ap, and the relaxation rate is 100%. For the “strained lattice,” a = a,
and the relaxation rate is 0%.

Regardless of the presence or absence of lattice relaxation, if the crystal orientation of the film
(the direction of the ¢ axis in Fig. 3.2.13) is tilted with respect to that of the substrate, the
reciprocal lattice points of the film will shift relative to the reciprocal lattice points of the
substrate based on the tilt. The amount of shift corresponds to the shift in crystal orientation
between the substrate and the film and equals the shift in reciprocal lattice points for the
symmetric reflection.

§3.3 Measurement Techniques

As discussed in the previous section, the diffraction measurements can provide a wide range of
information on crystal structure and crystallinity. Extracting accurate information requires care
with respect to several aspects of measurement. This section discusses the measurement
procedures and precautions for each measurement technique.
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3.3.1 Out-of-Plane Measurement and Thin Film Measurement

Fig. 3.3.1 shows the procedures for out-of-plane measurement and thin film measurement.

1.Op tlcl§ selection and After replacing the sample,
alignment repeat the procedures from
here.
v
2. Sample mounting < Sample
l replacement
3. Sample alignment
v
4. Measurement
v
5. Analysis
Fig.3.3.1 Flow of measurement
Select the optics, using Table 3.3.1 as a guide.
Table 3.3.1 Guide for selecting optics
Remarks

Sample crystallinity

Appropriate optics

Randomly oriented to
strongly oriented
polycrystals (metals,
dielectric materials, etc.)

Medium resolution PB

Thin film (standard)

Select K line with multilayer
mirror.

Single crystals
(GGG, SiC, etc.)

Double-crystal monochromator

Select only K¢ line with
double-crystal monochromator.

Set the slits so that the size of the incident X-ray beam in the lengthwise direction is
approximately equal to the size of the sample, while the size of the X-ray beam in the vertical
direction is 1 mm for out-of-plane measurements and 0.2 mm or less for thin-film scans. In
thin-film scans, set the slit width so that the incident X-ray beam does not irradiate out of the
sample at the incident angle (usually near the critical angle) during measurement.
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Refer to Table 3.3.2 for the critical angle of various materials and to Fig. 3.3.2 for the
relationship between the slit width and irradiated area (the spread of X-ray beam on the sample
surface).

Table 3.3.2 Critical angle of various materials

Material (density [g/cm’]) Critical angle [degree]
Si (2.33) 0.22
Al (2.70) 0.23
Ge (5.32) 0.28
Au (19.32) 0.56

The critical angle is calculated for the Cu Ka line (Wavelength of 1.54056 A) as

the incident X-ray beam.

Irrad ited w dth [mm ]
&
-~
7
7/
.
.
l

0 0.1 02 03 04 0.5 06 07 08 09 1
Icidentangk v [degree]

Fig. 3.3.2 Relationship between incident angle and the irradiated area

The figure indicates the irradiated width in the horizontal direction. The irradiated width in the vertical direction will be

approximately twice the width of the height-limiting slit used.

After setting the sample on the sample stage, perform sample alignment—i.e., adjust vertical
position and tilting. Here, when performing thin-film scan measurements or when measuring a
slight tilt (offset angle) between the sample surface and a lattice plane almost parallel to it in
out-of-plane measurement, perform halving adjustments by using the direct beam, then
performing fine halving adjustment using the total reflection. Refer to Section 4.5.4 for a
detailed account of adjustment procedures.

If you are performing out-of-plane measurements, measure the diffraction patterns with a 26w
scan following sample alignment.

If you are performing thin film measurement, set the incident angle w close to the critical angle
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to obtain information corresponding to the desired depth of the sample. Measure the diffraction
patterns using a 28 scan.

Fig. 3.3.3 shows an example of an out-of-plane measurement of a poly-Si sample with the (111)
plane oriented parallel to the sample surface.

1400 [~ ! ! I —

1200 1 -
1000 | -
800 | -

600 [— -

400 ™ a
220 113 004 331 224
200 — &M —
0 |

20 30 40 50 60 70 80 90
20/® (degree)

Intensity (cps)

Fig. 3.3.3  Out-of-plane measurement of {111} oriented poly-Si

3.3.2 In-Plane Measurement

Fig. 3.3.4 illustrates the procedures for in-plane measurement.

1. Optics selection and After replacing the sample,

alignment repeat the procedures from
this point.
v
2. Sample mounting < Sample
replacement

A

3. Sample alignment

\ 4

4. Measurement preparation

5. Measurement

\ 4

6. Analysis

Fig. 3.3.4 Flow of measurement
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Referring to Table 3.3.3, select the optics in the direction of the incident angle (the direction of
o rotation). In the direction of the diffraction angle (the direction of the ¢ or 28y rotation)
perpendicular to the direction of the incident angle, insert Soller slits with apertures of
approximately 0.1° to 0.5° on both the incident and receiving sides.

Table 3.3.3 Guide for selecting optics

Sample crystallinity Appropriate optics Remarks

Polycrystal Medium resolution PB
Select K line with multilayer

mirror.
Thin film (standard)

Strongly oriented
roneyy orlen.e Select only K¢ line with
polycrystals to single Double-crystal monochromator

double-crystal monochromator.
crystals

Set the slits so that the size of the incident X-ray beam in the lengthwise direction is
approximately the same as the size of the sample and the size of the X-ray beam in the vertical
direction is 0.2 mm or less. Set the slit width so that the incident X-ray beam does not irradiate
out of the sample at the incident angle (usually near the critical angle) during measurement.

Refer to Table 3.3.2 for critical angles for various materials and to Fig. 3.3.2 for an illustration
of the relationship between the slit width and irradiated area (the spread of X-ray beams on the
sample surface).

After setting the sample on the sample stage, perform sample alignment (i.e., adjust the vertical
position and tilting). The incident angle of the X-ray beam relative to the sample surface must
not change when the sample is rotated in-plane (¢ rotation). Align the positions using total
reflection so that the ¢ rotation axis is in the same direction as the sample surface normal.

Here, consider why the in-plane rotation axis must be in the same direction as the sample
surface normal and how they match.

As shown in Fig. 3.3.5, if the direction of the ¢ rotation axis differs from the direction of the
sample surface normal, the incident angle changes when the sample is rotated in-plane. The
sample surface normal and the in-plane rotation axis must match to keep the incident angle of
the X-ray beam unchanged with respect to the sample surface when the sample is rotated
in-plane during measurement. Discussed next is an example illustrating this alignment
procedure.
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When the sample surface

normal (thick arrow) and

the rotation axis of the

sample stage (thin arrow)

are not in the same

direction, Incident
o angle

the incident angle of the

X-ray beam (medium

line) changes.

When the sample surface

normal (thick arrow) and
the rotation axis of the
sample stage (thin arrow)
are aligned,

the incident angle of the
X-ray beam (medium

line) remains constant.

Fig. 3.3.5 Relationship between ¢ rotation axis and sample surface normal

To adjust the sample surface normal and the sample in-plane rotation axes to the same
direction, as shown in Fig. 3.3.6, fix the counter and measure the total reflection angles of w4-
290, W4=0, Wy=90, and w 4= 150 at each position of ¢. Here, based on these angles, we calculate the
shift ARx and ARy between the ¢ rotation axis and the sample surface normal using Formula
5.3.1.

$=0 Counter

Ry

A

Fig. 3.3.6 Relationship between total reflection angles (wg=-90, Wg=0, ®4=90, and w4- 130) and
rotation axes (Rx and Ry)
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ARx=w,_,
Formula 3.3.1
ARy = Wy__99 —

Using the rotation axes Rx and Ry for the sample shown in Fig. 3.3.6, we can calculate ARx and
ARy from Formula 3.3.1 to match the ¢ rotation axis and the sample surface normal.

Following sample alignment, set the incident angle w near the critical angle to obtain
information corresponding to the desired depth of the sample and measure the diffraction
patterns with a 28y/¢ scan. Insufficient alignment of the sample surface normal will lead to
inaccurate information along the direction of depth: Take special care with alignment when
performing an analysis in the direction of depth.

Fig. 3.3.7 shows an example of the in-plane measurement of a poly-Si sample with the (111)
plane parallel to the sample surface.

100 | | | |
20 - 022 |
& 60 —
:
8 40 —
= 111
20~ 311 4277
{ 400 133
0 T | W ]
20 30 40 50 60 70 80 90
20y/¢ (degree)

Fig. 3.3.7 In-plane measurement of {111} oriented poly-Si

In this example of measurement, the diffraction intensity of the (022) plane is relatively high.
This is because the diffraction intensity of the lattice planes oriented perpendicular to the sample
surface (in other words, the diffraction intensity of the (022) plane perpendicular to the (111)
plane) is relatively prominent in in-plane measurement, as indicated in Fig. 3.3.8.
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(111)

Fig. 3.3.8 Relationship between (111) plane and (022) plane of poly-Si (cubic crystal)

3.3.3 Pole Figure Measurement

Fig. 3.3.9 illustrates the pole figure measurement procedure.

1. Optics selection and

align

ment

A

y

2. Sample

mounting

After replacing the sample,
repeat the procedures from
this point.

Sample

3. Sample alignment

v

4. Measurement preparation

5. Measurement

A

replacement

A

A 4

6. Analysis

Fig. 3.3.9 Measurement flow

Use Table 3.3.4 as a guide to select the optics.
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Table 3.3.4 Guide to selecting optics

Sample crystallinity Appropriate optics Remarks
Polycrystal Medium resolution PB
Select K« line with multilayer
mirror.
Thin film (standard)
St 1 iented . .
rongy orlen.e Select only K¢ line with
polycrystals to single Double-crystal monochromator

double-crystal monochromator.

crystals

Set the slits so that the X-ray beam does not irradiate out of the sample during measurement.

After setting the sample on the sample stage, perform sample alignment (i.e., adjust the vertical
position and tilting). Here, when measuring a slight tilt (offset angle) between the sample
surface and a lattice plane nearly parallel to the sample surface, perform halving adjustment
with the direct beam, then perform fine halving adjustment using the total reflection. Refer to
Section 4.5.4 for a detailed account of the adjustment procedure.

Following sample alignment, specify the diffraction angle of the diffraction peak to be measured
and the measurement range for  and /f and measure the pole figure.

Fig. 3.3.10 shows an example of pole figure measurement for the (111) and (220) planes of a
(111) fiber-oriented Cu film.

Cu(111) | Cu(220) |

Fig. 3.3.10 Pole figure measurement for (100) plane of Cu film
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3.3.4 Rocking Curve Measurement

Fig. 3.3.11 illustrates the steps for performing rocking curve measurement.

1. Optics selection and
alignment

After replacing the sample,
repeat the procedure, starting

A\ 4

from this step.

2. Sample mounting

Sample
replacement

A

A

3. Sample alignment
(direct beam)

4. Sample alignment
(axial adjustment)

5. Measurement condition
setting

\ 4

6. Measurement

A 4

7. Analysis

Fig. 3.3.11

Use Table 3.3.5 as a guide when selecting optics.

Measurement flow

Table 3.3.5 Guide for selecting optics

Sample crystallinity

Appropriate optics

Remarks

Randomly oriented to
strongly oriented
polycrystals (metals,
dielectric materials, etc.)

Medium resolution PB

Thin film (standard)

Select K line with multilayer
mirror.

Single crystals
(GGG, SiC, etc.)

Double-crystal monochromator

Select only K¢ line with
double-crystal monochromator.

Perfect crystals
(Si, Ge, GaAs, etc.)

Four-crystal monochromator

Double-crystal optics are
acceptable when using
pseudo-parallel geometry.
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In rocking curve measurement, set the incident optics so that the sizes of the reciprocal lattice
points of the crystal of interest (substrate or epitaxial film) and the intervals between two or
more reciprocal lattice points of the film or substrate can be measured with adequate resolution.

For example, as indicated in Fig. 3.3.12 (a), if the resolution of the incident optics is low, the
reciprocal lattice points (diffraction peaks) of the substrate and the film are observed
simultaneously and not separated. As indicated in Fig. 3.3.12 (b), when the resolution is
adequate, the reciprocal lattice points of the substrate and the film are observed separately.

Ewald sphere

28w scan 28w scan

Reciprocal lattice poin't-'"‘-a_n
/ (diffraction peak)
of substrate

Reciprocal lattice point

(diffraction peak)

Resolution of

receiving optics
gop of film

. Resolution of
* incident optics

20w 20w

(a) Resolution of incident optics is low. (b) Resolution of incident optics is high.

Fig. 3.3.12 Resolution and rocking curve

If you perform measurements after selecting optics based on Table 3.3.4 and the diffraction
peaks are insufficiently resolved as shown in Fig. 3.3.12 (a), you must replace the current optics
with higher resolution optics.

In general, use only receiving slits in the receiving optics. Increasing the resolution of the
receiving optics beyond the point necessary by using additional optical devices such as an
analyzer reduces the resolution function too far with respect to the reciprocal lattice points
(diffraction peaks) and makes it difficult to identify diffraction peaks. Receiving slits can
prevent the generation of a background (e.g., by diffuse scattering) without reducing the
resolution function more than necessary.

Nevertheless, when measuring a sample that exhibits spreads of the reciprocal lattice points due
to thin film mosaicity (e.g., a GaN-based compound semiconductor), using an analyzer crystal
can sometimes reduce the effects of the mosaicity and produce a clear profile.
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Set the slits so that the X-ray beam does not irradiate out of the sample during measurement.

After setting the sample on the sample stage, perform the sample alignment (e.g., adjust the
vertical position and tilting). Here, perform only the halving adjustment with the direct beam.
Refer to Section 4.5.4 for a detailed account of the adjustment procedure.

Next, move the measurement axes to the angles at which you observe diffraction with the
indices to be measured. For example, when a Si single crystal with its sample surface normal in
the [001] direction is measured with the X-ray incidence angle in the [110] direction, the (004)
plane and the (224) plane are observed at positions indicated in Fig. 3.3.13.

20, ¢=0 [001]
@=79.28, 26=88.03

224
70, ¢=0 [001]
@=34.56, 26=69.13 @
' 20

obe Si(004] [110]

A
w/\ - 20 (b) (224) reflection
Si(001)™4. [110]
1(001) 720, ¢=0 [001]
@=8.76, 26-88.03
(a) (004) reflection
-2-24
¢ / \ 20
si00n | [110]

(c) (-2-24) reflection

Fig. 3.3.13 Various reflection angles

The positions of the measurement axes at which the diffraction peaks are observed shift slightly
depending on the offset angle or the manner in which the sample is mounted. After moving the
axes to the calculated positions, scan the w axis and find a diffraction peak. Here, the w axis is
scanned first because the rocking curve measurement normally uses a monochromator in the
incident optics to reduce divergence in the incident angle and only slits in the receiving optics,
narrowing the resolution function in the direction of the w axis while leaving it wide in the
directions of other axes (Fig. 3.3.12). When the w axis is scanned, a nearby reciprocal lattice
point enters the range of the resolution function, and a diffraction peak is observed.
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Adjust the shifts in the measurement axes after finding a diffraction peak. To measure the
rocking curve accurately, the diffraction (reciprocal lattice point) must be present in the
scattering plane formed by the incident and diffracted X-ray beams, as shown in Fig. 3.3.14 (a).
To place the reciprocal lattice point in the scattering plane, adjust the y axis for a symmetric
reflection and the ¢ axis for an asymmetric reflection of high asymmetry. These axes are called
the swing or tilt axes.

(a) The swing angle is appropriate. (b) The swing angle is not appropriate.

Fig. 3.3.14 Change in incident angle following shift in swing angle

As shown in Fig. 3.3.14 (a), if the swing angle is appropriate, the incident angle «’ of the X-ray
beam with respect to the sample surface equals w, and as shown in Fig. 3.3.14 (b), if the swing
angle is not appropriate, the incident angle o’ will be smaller than w. If the swing angle is not
suitable, the position of the diffraction peak will shift to the higher angle side of the true
position, the peak width will spread, and the intensity of the diffraction peak will drop. Fig.
3.3.15 shows an example of a w scan performed while gradually changing the swing angle.

Intensity (cps)

AtmoaoL
I When the swing angle is
iate. ‘
30000. 0 appropriate

20000. 0|

0. = —— — L
33.0000 33. 0050 33.0100 33.0150 33.0200 33. 0250

Fig. 3.3.15 Swing angle dependence of @ scan

The adjustment of the swing angle is called axial adjustment. Two methods of axial adjustment
are used. One involves scanning the w axis while changing the swing angle gradually, as shown
in Fig. 3.3.15, and determining the position of the swing axis so that the peak position is at the
smallest angle, full width at half maximum (FWHM) of the peak is narrowest, or peak intensity
is greatest. (These three conditions are met at approximately the same swing angle.) The other
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method is to scan the swing axis directly and determine the position at which the peak intensity
is greatest. With the latter method, the following procedures are repeated: scan the w axis, set
the w axis at the peak position, scan the swing axis (y scan or ¢ scan), and set the swing axis to
the peak position. Normally, after these procedures are repeated approximately three times, the
peak position will not change in either the w scan or the swing angle scan, indicating that the
shift in swing angle is properly adjusted. Here, if the swing angle shifts significantly at the
beginning, the peak may split in the swing scan. If so, move the swing axis to the position
corresponding to the average of the two peak positions.

Following axial adjustment, set the measurement conditions and measure the rocking curve.
Here, set the measurement conditions so that the characteristics of the diffraction peaks of the
substrate and film are measured accurately.

Fig. 3.3.16 shows an example of measurement for the (004) plane of the AlGaAs/InGaAs/GaAs
(001) surface together with rocking curve simulation.

6 = —
10 I I I [ GaAs 004
AlGaAs 004 ‘
10° = _ .
— Calculation
v ¢ = . —
g oo e Experimental
=
‘E\. 103 — !v —
g InGaAs 004 Al
= > L RSN i ! [itks
10 0 e " 'I.n'" i) ¢ i
\ 'I'
» |
10° ] ] l | |
-4000 -3000 -2000 -1000 0

Deviation Aw / arcsec

Fig.3.3.16 Example of rocking curve measurement
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3.3.5 Reciprocal Space Mapping (RSM) Measurement

Fig. 3.3.17 shows the flow of reciprocal space mapping (RSM) measurement.

1. Optics selection and
alignment

A 4

2. Sample mounting

After replacing the sample,
repeat the procedure, starting
from this step.

Sample

y

3. Sample alignment
(direct beam)

v

4. Sample alignment
(axial adjustment)

A 4

5. Receiving optics adjustment

\4

6. Measurement condition
setting

A 4

7. Measurement

replacement
A

8. Analysis

Fig. 3.3.17 Measurement flow

The procedure, down to the selection of incident optics and sample alignment (halving

adjustment by direct beam and axial adjustment), are identical to the procedure for rocking

curve measurement.

In ordinary rocking curve measurements, the reciprocal lattice points of the substrate and film

are observed in a one-dimensional scan (28w scan) using a resolution function narrow in the

one-dimensional direction (i.e., only the incident optics has high resolution; the receiving optics

uses slit collimation). However, RSM measurement scans in two-dimensional directions (28w

scan + w scan). This means the resolution function must be small enough in the
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two-dimensional directions. To make the resolution function sufficiently small in the

two-dimensional directions, the receiving optics uses narrow slits or an analyzer. Here, the

resolution function has the shape shown in Fig. 3.3.18 to enable measurement of the

two-dimensional distribution of the diffraction intensity in reciprocal space.

Resolution function

Resolution of
receiving optics

28w scan

@ Scan

Resolution of

Reciprocal lattice point of

incideﬁt,}gptics . / substrate (diffraction peak)

Reciprocal lattice point of

\ Ewald sphere

Fig. 3.3.18 Resolution function of reciprocal space mapping measurement

Use Table 3.3.6 as a guide to select the optics.Table 3.3.6

Table 3.3.6  Guide for selecting optics

Sample crystallinity

Appropriate optics

Remarks

Randomly oriented to
strongly oriented
polycrystals (metals,
dielectric materials, etc.)

Receiving slit

Insert a slit of width ranging from
0.05 mm to I mm.

Single crystals
(GGG, SiC, etc.)

Double-crystal analyzer

Suppress the resolution of the
receiving optics to the diffraction
angle width of the analyzer
crystal. (When using a
pseudo-parallel geometry, use the
same crystal plane as the incident
optics.)

Perfect crystals
(Si, Ge, GaAs, etc.)

Double-crystal analyzer

Suppress the resolution of the
receiving optics to the diffraction
angle width of the analyzer
crystal. (When using a
pseudo-parallel geometry, use the
same crystal plane as the incident
optics.)
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When using a double-crystal analyzer in the measurement, perform the steps of the procedure
leading up to axial adjustment with a receiving slit, then, attach the analyzer before beginning
measurement. This is done because high receiving optics resolution from the outset will make it
extremely difficult to identify diffraction peaks in the @ scan and perform axial adjustments.
Until you have confirmed the diffraction peaks of both the substrate and the film and performed
axial adjustment using either diffraction peak, use just the receiving slit.

Fig. 3.3.19 shows an example of RSM measurement for the (004) plane and the (224) plane of
the Si epitaxial film sample (SiGe film (Ge content 3.8%, film thickness 380 nm)/Si (100)
substrate). Spots of high intensity correspond to the reciprocal lattice points of Si and SiGe. The
vertical line represents CTR scattering and appears when the sample surface is highly flat.

Si(004)

SiGe(004)

0,730 0730

T T T T T T L TN T IO O O O I
-0.530 -0.525 -0.520 0414 -0.510 0000 000 0004 0008 000 0.010

ay Qv

Fig. 3.3.19 Example of RSM measurement

Left: Si, SiGe (224) plane; right: Si, SiGe (004) plane
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3.3.6 Summary

This chapter discussed the various crystal structures and crystallinity characteristics we can

evaluate using various diffraction measurements and the corresponding measurement

procedures and precautions. Summarized below are the key concepts presented in this Chapter.

1. Information provided by various diffraction measurements

Various measurement techniques

Measurement technique

Information obtained

Scan axis

Out-of-plane measurement
(One-dimensional scan)

Information on lattice planes
parallel to sample surface

— Qualitative analysis and crystal
structure

280w
(Always 20=2 x w)

Thin film measurement
(One-dimensional scan)

Information near sample surface
(applies only to sample with no
orientation)

— Qualitative analysis and crystal
structure

20

(Incident angle, w, is
fixed near the critical
angle.)

In-plane measurement
(One-dimensional scan)

Information on lattice planes near
and parallel to sample surface
— Qualitative analysis and crystal

20yl ¢
(Incident angle, w, is
fixed near the critical

structure angle.)
Pole figure measurement Information on distribution of r(a), 6P
(Two-dimensional scan) specific crystal orientation (26 or sum of 28 and
— Orientation analysis 20y is fixed at the
diffraction angle.)
Preferred orientation and Information on degree of preferred | w, y, or ¢
crystallinity measurement orientation or crystallinity
(One-dimensional scan) — Orientation and crystallinity
analysis
Rocking curve measurement® | Information on film structure and | 28w

(One-dimensional scan)

crystallinity of epitaxial or single
crystal

— Crystallinity, film thickness,
and composition ratio

RSM measurement
(Two-dimensional or
three-dimensional scan)

Information on d-value of
three-dimensional components of
preferred orientation, crystal
orientation, and degree of
preferred orientation

— Qualitative analysis, orientation
analysis, and crystallinity analysis
Information on film structure and
crystallinity of epitaxial or single
crystal

— Crystallinity analysis and
epitaxial analysis

20w, o (,y or @)
279, ¢ (xor @)
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2. Precautions for measurement

The optical resolution required will vary, depending on the measurement technique and the
sample measured. Use the following table below to select appropriate optics.

Out-of-plane measurement and thin film measurement

Sample crystallinity

Appropriate optics

Remarks

Randomly oriented to
strongly oriented
polycrystals (metals,
dielectric materials, etc.)

Medium resolution PB

Thin film (standard)

Select K line with multilayer
mirror.

Single crystals (GGG,
SiC, etc.)

Double-crystal monochromator

Select only K¢ line with
double-crystal monochromator.

In-plane measurement

Sample crystallinity

Appropriate optics

Remarks

Randomly oriented to
strongly oriented
polycrystals (metals,
dielectric materials, etc.)

Medium resolution PB

Thin film (standard)

Select K¢ line with multilayer
mirror.

Single crystals
(GGG, SiC, etc.)

Double-crystal monochromator

Select only K¢ line with
double-crystal monochromator.

Insert Soller slits with apertures of approximately 0.1° to 0.5° in the direction of the diffraction

angle (¢ or 28y direction).

Caution: To control the incident angle precisely, adjust the sample surface normal and sample

in-plane rotation axis so that they are aligned.

Pole figure measurement

Sample crystallinity

Appropriate optics

Remarks

Polycrystal

Medium resolution PB

Thin film (standard)

Select K¢ line with multilayer
mirror.

Strongly oriented
polycrystals to single
crystal

Double-crystal monochromator

Select only K¢ line with
double-crystal monochromator.

Caution: To measure the diffraction intensity precisely, to the extent possible, set the slit so that
the incident X-ray beam does not irradiate out of the sample.
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Rocking curve measurement and RSM measurement (Incident optics)

Sample crystallinity

Appropriate optics

Remarks

Randomly oriented to
strongly oriented
polycrystals (metals,
dielectric materials, etc.)

Medium resolution PB

Thin film (standard)

Select K line with multilayer
Mirror.

Single crystals
(GGG, SiC, etc.)

Double-crystal monochromator

Select only K¢ line with
double-crystal monochromator.

Perfect crystals
(Si, Ge, GaAs, etc.)

Four-crystal monochromator

Double-crystal optics are
acceptable for pseudo-parallel
geometry.

Caution: Perform axial adjustments for precise rocking curve measurements.

RSM measurement (Receiving optics)

Sample crystallinity

Appropriate optics

Remarks

Randomly oriented to
strongly oriented
polycrystals (metals,
dielectric materials, etc.)

Receiving slit

Insert a slit of width ranging from
0.05 mm to I mm.

Single crystals
(GGG, SiC, etc.)

Double-crystal analyzer

Suppress the resolution of the
receiving optics to the diffraction
angle width of the analyzer
crystal. (When using a
pseudo-parallel geometry, use the
same crystal plane as the incident
optics.)

Perfect crystals
(Si, Ge, GaAs, etc.)

Double -crystal analyzer

Suppress the resolution of the
receiving optics to the diffraction
angle width of the analyzer
crystal. (When using a
pseudo-parallel geometry, use the
same crystal plane as the incident
optics.)

Caution: Confirm the positions of the diffraction peaks of both the substrate and the film and
perform axial adjustments using either diffraction peak before switching to high-resolution
receiving optics to make further adjustments.
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Chapter 4 X-ray Reflectivity Method

If the surface and the interfaces are flat, the X-ray reflectivity method can be used whether the
sample is crystalline or amorphous. X-ray reflectivity has drawn particular attention as a
measurement technique capable of evaluating the film thickness, density, and surface or
interface roughness of the thin-film materials used in semiconductor devices.

This chapter provides an overview of the principles of X-ray reflectivity, measurement
procedures, and analysis methods. It also discusses the procedural flow from measurement to
analysis, as well as precautions.

§4.1 Applicability of X-Ray Reflectivity Method

Thin-film materials have found use in a wide range of devices in recent years, gaining the status
of an essential category of advanced materials. The diverse characteristics of the devices depend
significantly on the thickness, density, and surface or interface roughness of thin-film materials.

These parameters must be correctly evaluated and film growth conditions properly controlled.

Used to evaluate these parameters, X-ray reflectivity involves X-ray incidence at grazing angles
with respect to sample surfaces. The method is used to analyze X-ray reflection intensity

profiles versus incident angles and to determine structural parameters (thickness, density, and
surface or interface roughness) of the thin film in question. Areas of application are given below.
X-ray reflectivity can be used to do the following:

1. Measure thickness from several to several thousand nanometers.

2. Evaluate the surface roughness and interface width (arising from roughness and
interdiffusion).
Evaluate the density of the film of known composition.

4. Evaluate the structure of a multilayer or single layer film.
Perform these tasks with a wide range of materials, whether crystalline or amorphous,
including semiconductors and superconducting, magnetic, metal, and polymer films.

6. Measure samples nondestructively.

§4.2 Overview of X-Ray Reflectivity Method

When X-rays are incident at a grazing angle to a flat surface of a material, total reflection
occurs below incident angle 0. This angle is called the total reflection critical angle (critical
angle hereafter). The critical angle for the Cu K« line is small, with values such as 0.22° for Si,
0.42° for Ni, and 0.57° for Au and changes with the electron density (refractive index) of the
material. As the X-ray incident angle increases to values beyond this angle, the X-rays gradually
penetrate deeper into the material. In a material with ideal planes, reflectivity rapidly decreases
proportionally to #* at angles equal to or larger than ., decreasing faster with substances
having rough surfaces.
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If a substrate composed of such a material is overlaid with a material having a differing electron
density, the X-rays reflected on the interface between the substrate and the film and the X-rays
reflected from the surface of the film will interfere constructively or destructively. This
interference is visible as an oscillation in the reflectivity profile. First observed by Kiessig in
1931, this oscillation is known as the Kiessig fringe.

Fig. 4.3.1 shows the reflectivity profile of a Au film deposited on a Si substrate by sputtering.
The graph shows the results of measurement for three types of films with thicknesses differing

by approximately 10 nm.

Film thickness: 11.8 nm

Reflectivity

20/w(deg.)

Fig. 4.2.1 Reflectivity of Au film/Si substrate

The results indicate that the period of the oscillation provides information on the film thickness.
The amplitude of the oscillation is angle-dependent and contains information on film density
and surface or interface roughness. The X-ray reflectivity method analyzes this profile to obtain
film thickness, density, and surface or interface roughness.

Listed below are examples of methods other than the X-ray reflectivity method for measuring

film thickness.
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1. Optical methods (such as an ellipsometer)
2. Cross-sectional TEM or SEM method

3. X-ray fluorescence method

The X-ray reflectivity method differs from these methods in the following ways:

Optical methods have the disadvantage that they cannot be applied to opaque films. X-ray
reflectivity can be used with opaque films, including those made of metal.

The cross-sectional TEM method is a destructive method that involves complex sample
preparations. X-ray reflectivity is nondestructive and allows measurements to be performed in
air.

The X-ray fluorescence method obtains the mass of the analyzed element per unit volume
through quantitative analysis and cannot provide film thickness directly. It also requires a
reference sample, and precision declines with film thickness. The method makes it difficult to
analyze samples with interdiffusion and cannot be used with systems containing layers of
similar materials. The reflectivity method, in contrast, can be used in these cases—a major
advantage.

The X-ray reflectivity method has the following characteristics:

1. The sample must be sufficiently flat and smooth. (Surface or interface roughness must
be on the order of several nanometers or less.)

It can be applied to polycrystalline and amorphous materials.
It is extremely sensitive to surface states.
It is independent of crystal orientation or strain.

It is insensitive to changes in composition.

A

It can be used to evaluate film thicknesses of up to approximately 1,000 nm. It is not
ideal for thicker films.

§4.3 Principles of X-ray Reflectivity Method
4.3.1 Total Reflection and Refractive Index for X-Rays

Since the refractive index of a material for X-rays is slightly less than 1, the X-rays undergo
total reflection when incident on a flat surface of a material at a grazing angle.

The refractive index n of a material for X-rays is given by Formula 4.3.1.

n=1-0-if Formula 4.3.1

2
0= (2/1 JNOPZ xl.(zl. + fl)/z xM, Formula 4.3.2

T i
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r A
p= ( 27

re: Classical radius of an electron (2.818 x 10 m)

]NOprl.fl." /Zx,.Ml. Formula 4.3.3

No: Avogadro number

A: X-ray wavelength

p: Density (g/cm?)

z;,. Atomic number of the i-th atom

M;: Atomic weight of the i-th atom

x;: Atomic ratio (molar ratio) of the i-th atom

[, i Atomic scattering factors of the i-th atom (anomalous dispersion term)

As suggested by Formula 4.3.1, the refractive index is expressed as a complex number. The
parameter J'in the formula is of the order of magnitude of 10 to 10 for X-rays at wavelengths
of approximately 1 A and depends on X-ray wavelength and the density and composition of the
material. An additional 1 to 2 orders of magnitude smaller, the parameter s a quantity related
to X-ray absorption, expressed by linear absorption coefficient z in the following formula.

P =Aul4r Formula 4.3.4

If we disregard absorption, the critical angle 6. for total reflection is given by the following
formula:

0. =20 Formula 4.3.5

Thus, we can obtain the density of the surface film from the total reflection critical angle. When
the incident angle is less than the critical angle, the incident X-ray beam undergoes total
reflection. If absorption is ignored, the reflected X-ray beam has approximately the same
intensity as the incident X-ray beam (reflectivity is 1.0). If the incident angle is greater than the
critical angle, the X-ray beam is refracted, and reflectivity rapidly decreases roughly in
proportion to the value of the incident angle to a power of -4. The critical angle is usually 0.2°
to 0.5°. It is generally greater with longer X-ray wavelengths and when the material is
composed of heavier elements of greater density—in short, when the material has greater

average electron density.

&3



4.3.2 Reflected Wave and Refracted Wave

When the total reflection phenomenon occurs, the incident wave generates a specularly
reflected wave and a refracted wave, as shown in Fig. 4.3.1.
Specular reflection

Refracted wave

Fig. 43.1 Reflection and refraction of X-rays at material surface

If the density of the material is uniform, the specular reflectivity of the X-ray beam of
wavelength A at an ideally flat surface depends on the incident angle 8 and can be expressed by
the following formulas:

Boundary conditions:

2 2
R(0)= (0~ A)2 +B Formula 4.3.6
(@+4) + B’
2 2 2 2
A= \/\/(9 - 25) + ;‘ﬂ + (9 _ 25) Formula 4.3.7
B = ﬁ Formula 4.3.8
A

Fig. 4.3.2 shows the reflectivity of Si as given by Formula 4.3.6. It shows a rapid change at
critical angle &. (near 0.2° here).
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Fig. 4.3.2 Reflectivity curve of Si

The intensity of the refracted wave decays exponentially in the depth direction (evanescent
wave). For the incident angle 8, the intensity at depth z is expressed by the following formulas:

1(0,2)= S(H)exp(— ﬁj Formula 4.3.9
49°
S(H) = m Formula 4.3.10
+A4) +
A
D(G) = m Formula 4.3.11
TTl

Here, S (6) is the X-ray intensity at the surface and D () the penetration depth. Formula 4.3.9
applies to the case in which z is positive or zero. The intensity distribution for a negative value
of z (the intensity distribution on the vacuum or gas side of the surface), is expressed by the
following formula and indicates the interference caused by superposition with the reflected
waves.
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1(9,2) = %[ﬁz +A*+B* + (492 - A*-B? )COS{T(@)}-l- Bo Sin{r(ﬁ)}] Formula 4.3.12

7(0)=—1| Formula 4.3.13

Similarly to Formula 4.3.9, (8, z) = S(¢) when z = 0. Formula 4.3.12 indicates a standing wave
forms with period 4/28 at incident angle 6.

If the material has an interface at which the refractive index is discontinuous in the depth
direction (as with a thin film on a substrate), we must consider the interference arising from
multiple reflections at the interface. Rather than declining monotonically on reaching the critical
angle, specular reflectivity oscillates, based on the interference. The intensity of the refracted
wave has a complex distribution in the depth direction and cannot be expressed as an
exponential function. To understand this behavior, consider the boundary conditions of the
electric field vector at each interface in a generic multilayer model (Figure 4.3.3). As with
uniform materials, we can calculate reflectivity by considering the boundary conditions of the
electric field vector for the X-rays at each interface.Fig. 4.3.3

Reflected X-ray beam /
Incident X-ray beam /o

Vacuum or gas phase
0 ( 0 4 ) 1

< Surface

-1
< ! > Thin film (N-2 layers)

ER
dnV ,IE"T\/»L l 143
\ nt+l
v J
z
N Substrate

Fig. 4.3.3 Multilayer film model



That is, when the amplitudes of the electric field vectors of the incident wave (wave propagating
deeper) is denoted E, and the reflected wave (wave propagating towards the surface) at the
center of the n-th layer is denoted EqR, the continuity at the interface between the (n-1)-th and
n-th layers imposes the boundary conditions give by the formulas below:

a, E, ,+a'EX =a E, +aEX Formula 4.3.14

n-1 n-1

(a, B, +a, EX,)f, k=(a, E, +a,ER)f K Formula 4.3.15

Here, the parameters are expressed as follows:

k= 2 Formula 4.3.16
A

f, \/ - 25 -i2p } —iB, Formula 4.3.17

= exp[ %] Formula 4.3.18

The parameter d, represents the thickness of the n-th layer. The parameter f, is related to the
Fresnel coefticient, F.; ., by the following formula:

F,. .= Jun =Sy Formula 4.3.19
f n—1 +f n

A, and B, are quantities given by Formula 4.3.6 for the material in the n-th layer. The parameter

a, gives the phase difference generated when the X-ray beam propagates half the thickness of

the layer and the phase difference when waves reflected from the interfaces interfere with each

other.

We can calculate reflection coefficient R,.;, ( = a,./°E./E.") at the interface between the (n-1)’-th
and n-th layers by applying Formulas 4.3.14, 4.3.15, and 4.3.19, and express the relationships in
a recurrence formula:

R _ 4 Rn n+l
n-l,n — an 1
R F

n,n+1" n—ln

+F
n=1n Formula 4.3.20
+1

If we assume that the substrate is sufficiently thick and that we can disregard the possibility of
reflections from the rear side—that is, that R,, ,+; = 0—we can calculate the reflection
coefficients of the interfaces one by one from the lowest interface towards the surface using
Formula 4.3.20. Finally, the formula below gives specular reflectivity:
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R(0)= %0 =[R,,|’ Formula 4.3.21
Reference: L. G. Parratt; Phys. Rev., 95, 359 (1954)

4.3.3 Effects of Roughness

Most measurement samples do not have an ideally flat surface. Roughness at the surface or at
interfaces affect reflectivity measurements. Assume that the position of the interface between
the (n-1)’-th and n-th layers is expressed by a Gaussian distribution and that root mean square
(rms) roughness is o;.1. Then, the Fresnel coefficient can be corrected as shown in the formula
below using scattering vectors ¢n-1 and ¢y at the interface.

2
: o
F_., =F,, exp[— %j Formula 4.3.22
Here, for scattering with equal angles such as specular scattering, the scattering vectors are
expressed as follows:

4

q,., =2k, = Tfm Formula 4.3.23

We can calculate specular reflectivity with Formula 4.3.20 by substituting the correction of
Formula 4.3.22 for the Fresnel coefficient. The specular reflectivity of a uniform system without
a layered structure is calculated using the following formula, instead of Formula 4.3.6:

R(6)= (60— A4) + B? (_ 167°

——ex —o’64 Formula 4.3.24
(0+A4) +B A

Reference: L. Nevot and P. Croce;, 15, 761 (1980)
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§4.4 Reflectivity Analysis Method

Reflectivity can be analyzed by the three following methods:

1. Method giving film thickness based on the incident angle dependence of the oscillation
period.

2. Method giving film thickness via the Fourier transformation.

3. Method giving film thickness, density, and surface or interface roughness by fitting.

Methods 2 and 3 are practical under most conditions. Reflectivity analysis generally involves
one of these two methods.

4.4.1 Obtaining Film Thickness Based on the Incident Angle Dependence of the
Oscillation Period

This method can only be applied to a single layer film on a substrate. While the reflectivity
profile from a single layer film shows a simple oscillation, the peak positions of the oscillation
are more contracted at lower incident angles. This is because the effects of refraction are more
pronounced at lower angles of X-ray incidence.

The relationship between film thickness d and angular position &, of the m-th order peak is
given by the following formulas:

1. When the dvalue () of the film is greater than the & value (Js) of the substrate
AY( 1y
0. ~sin’ 0, =|—||m+—=| +25, Formula 4.4.1
2d 2
m=0,1,2,3,...
2. When the dvalue () of the film is less than the o value (Js) of the substrate
/1 2
02 ~sin’ @, =|—| m* +26, Formula 4.4.2
2d
m=0,1,2,3,...

These formulas are solvable if we can obtain the two peaks 8,; and 8, corresponding to the
orders m; and m> of two oscillations. Thus, d and ¢ are given by the following formulas:

/1 2 _ 2
d= 5 % Formula 4.4.3
m2 ~ Yml

&9



102m; -0, ,m
==L =1 Formula 4.4.4
2 m, —m,

If we plot the square of the incident angle versus the square of order m, as shown in Fig. 4.4.1,
the peak value can be approximated by a line. The extrapolated value gives 2d ( = 8.%), and the
gradient of the line gives film thickness.
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The following relationship
holds between the
oscillation pattern, peak
position, &, and film
thickness d:

2
(m—/lj +20
2d

2
mA
— | +0’
2d
Here, m is the order of the
peak, A the wavelength of

the X-rays, and . is the
critical angle.

0> =

m

Determining the thickness of a single-layer film



4.4.2 Obtaining Film Thickness via Fourier Transformation

The Fourier transformation of the oscillating components extracted from the reflectivity profile
makes it possible to estimate film thickness. The procedure is given below.

1. From the measured reflectivity profile, determine a polynomial-based curve as the
baseline, as shown in Figure 3.4.2. Subtract the baseline from the data and normalize
the result to extract the oscillation.

2. Perform data angle correction with refractive index (0 value) of the film and obtain the
oscillating components without contraction.
3. Then, apply a Fourier transform to the data and estimate thickness from the oscillating
components.
Apply the results to the method based on the theoretical calculation given in the next section for
efficient analysis.

—Measured data

[ P The oscillating components are
1 OO E —Difference

Extracted oscillation components

extracted by subtracting the

average reflectivity (baseline)

Measured data .
from the measured reflectivity

and normalizing the result.

The oscillating components are

further processed by angle

X-ray reflection intensity (relative value)
o

10 g E . . .
correction with the refractive
_ 4: 1 index and by Fourier
10 ' .
3 . transformation.
i Base line
10—5 . | | |
05000 1.3000 28000 3.5000

20 value (degree)

Q T ' T — Fourier-transformed data

cd
2 = Profile after Fourier transformation
& o
5 «
§ 1.0 —
3 The oscillation period gives film

—~

E § thickness. The results obtained
2} — . . .
g are used in simulation
B
ks *2 05 calculations for efficient analysis.
5=
o
=
o
2
3=
=
[}
aa

h h I \ I . al
0.0 200 400 600 300 1000

Depth/thickness (nm)

0.0

Fig. 4.4.2 Fourier transformation method
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4.4.3 Obtaining Film Thickness, Density, and Surface or Interface Roughness by Fitting

A reflectivity profile including oscillation sensitively reflects the film structure. A non-linear
least mean square fitting of a profile with a profile given by theoretical calculations based on a
film model makes it possible to evaluate film thickness and density, as well as surface or
interface roughness.

The simulation is based on the recurrence formula formulated by Parratt, as shown by Formula
4.3.20 in Section 3.3.2, combined with the surface or interface roughness described in Formula
4.3.22 in Section 3.3.3. Thus, reflectivity /1y is given by | R, |2 (Formula 4.3.21).

The roughness is handled by approximating the change in average electron density at the
interface between the (n-1)’-th and n-th layers as a Gaussian function and by correcting the
Fresnel coefficient as in Formula 4.3.22. Roughness is expressed as root mean square (rms)
roughness, Gj.1.
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§4.5 Reflectivity Measurement

Reflectivity measurements must accurately measure a wide range of intensity changes in the
extremely low angle range of grazing X-ray incidence. With grazing X-ray incidence, even
extremely narrow X-ray beams produce a widespread radiation field on the sample surface. This
makes correct optics alignment, sample mounting, and sample alignment before measurement
particularly important.

The figure below shows the procedural flow of reflectivity measurement.

/ Sample \ / X-ray diffractometer \
information

Design . . R . .
thickness Selecting optics »  Optics alignment
Sample mounting [
Sample size . Seilr_nple aligr:;nentb
Film material Slit condition  =—ipl ° Ha ving adjustment (direct beam)
(density)  Fine hglvmg adjustment (total
reflection range)

N Y !

l Reflectivity pre-measurement

Measurement conditions l

Reflectivity measurement

Sample replacement

\_ /

Fig. 4.5.1 Procedural flow of reflectivity measurement
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4.5.1 Selecting Optics

Fig. 4.6.2 is a schematic diagram of the optics used to measure reflectivity.

Incident monochromator

X-ray

source  CBO unit /
Scintillation counter

A A |
A A A

Incident slit Receiving slit 1 Receiving slit 2

Fig. 4.5.2  Optics for reflectivity measurement

The names of the monochromator and slits will vary, depending on the diffractometer model.

When performing reflectivity measurements, we must select the optics based on anticipated film
thickness. This is because the period of the oscillation changes depending on film thickness.
With larger film thicknesses, the period of the oscillation is smaller, and the resolution of the
optics must be increased.

Table 4.5.1 Overview of optics used in reflectivity measurements and

guide to applicable film thickness provides an overview of the optics used in reflectivity
measurement and guidelines for applicable film thickness.

Table 4.5.1 Overview of optics used in reflectivity measurements and
guide to applicable film thickness

Monochromator None Ge (220) double-crystal | Ge (400) double-crystal Ge (220) four-crystal
e | 0 1
( AngEZiO(ixi‘;zence) up to 0.04° up t0 0.02° up to 0.003°
morﬁiﬁi&rﬁiﬁ?si ty Kou+Koaa (+KB) Kou Kou Part of Kot
Apfﬁiizizlgsﬁlm 0.5 to 100nm 50 to 200nm 50 to 200nm 200nm or greater
RINT III series O O
SmartLab O O O O
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As the reflectivity measurement measures the low angle range near 26 = 0°, the X-ray beam is
diffused across a wide area of the sample surface, even with a narrow incident slit. If the spread
of the X-ray beam is large near the critical angle and the X-ray beam irradiates out of the sample,
the critical angle cannot be determined accurately, and analysis may not be possible. We must
select a sufficiently narrow slit and keep the X-ray beam from irradiating from the sample near
the critical angle.

The critical angle changes depending on film material density. Table 4.5.2 shows the standard
slit width for each diffractometer. Fig. 4.5.3 shows the relationship between the density of the
material and the critical angle. Fig. 4.5.4 shows the relationship between the slit width and the
irradiated width on the sample. Use these as guides in selecting slit width.

Table 4.5.2 Standard width and height of slits used in reflectivity measurement

Slit name Incident side Receiving side
SmartLab IS RS1 RS2
RINT III series DS SS RS
Width 0.1 mm Width 0.2 mm Width 0.2 mm
lit width height
Slit width and heig Height 10 mm Height 10 mm Height 10 mm

Critical Angle [degree]

Density [g/cm3]
Fig. 4.5.3 Density and critical angle

The critical angle is estimated when the incident X-ray is the Cu K line
(Wavelength of 1.54056A). Values will differ slightly, depending on sample

composition.
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Fig. 4.5.4 Relationship between incident angle and irradiated width

The figure shows the irradiated width in the horizontal direction. The irradiated
width in the vertical direction differs depending on the height-limiting slit used.
However, it will be approximately twice the height of the S2 (DS) slit.

4.5.2 Optics Alignment

We recommend performing optics alignment when replacing optics. Since X-ray reflectivity
measurement uses a narrow slit, the large dynamical range requires precise alignment of optics.

4.5.3 Mounting Sample

Carefully set the sample on the wafer sample plate and attach magnets along the perimeter of
the sample to keep it from falling.

Fig. 4.5.5 shows an example of a 4-inch wafer mounted. In reflectivity measurements, the
incident X-ray beam produces a widespread radiation field on the sample surface. Place the
sample with its long side directed sideways at ¢ = 0°.

When placing the round fixing magnets around the sample, confirm that the magnets do not
shield the X-ray beam. To avoid applying excessive strain, avoid applying excessive force when
pressing the sample. If the sample is small and the fixing magnets shield the X-ray beam, you
may use grease or the surface tension of alcohol instead.
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Sample stage

X-ray incidence
direction

X-ray path

Sample
Fixing magnet

Fig. 4.5.5 Mounting sample

4.5.4 Sample Alignment

To ensure detection of X-ray beams specularly reflected from the sample, perform sample
alignments each time you replace the sample. Sample alignment includes the following two
types of adjustments.

A. Halving Adjustment (Direct Beam)

Halving adjustment adjusts the sample rotation axis (@ axis) so that the incident X-ray beam
(direct beam) is parallel to the sample surface and adjusts the sample lengthwise axis (Z axis) so
that beam widths are divided into halves. Perform the halving adjustment as follows:

1. Set the 28 axis to 0°. Set the sample and retract the Z axis to the rear to avoid blocking
the incident X-ray beam. Check intensity in this geometry.

2. Scan the Z axis. Set the Z axis at the position at which intensity is half the intensity
measured in 1.
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|
3 [ intensity ]
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............................ g g ]
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Sample lengthwise axis Z /mm

Fig. 4.5.6 Halving adjustment (Z scan)

3. Scan the w axis and adjust the alignment until the sample surface and incident X-ray

beam are parallel.

|||||||||||||||||| |||||||||||||||||
200x10° /\

[\

g 150
£ [\
£ 100
: [\

50

 scan
0 I 1 1 1
0.2 0.1 0.0 0.1 0.2

Sample rotation axis ® /deg.

Fig. 4.5.7 Halving adjustment (o scan)

4. Repeat the scan of the Z axis and adjust the alignment to make the X-ray intensity half
the incident X-ray intensity.

400x10°
300 ,\
’ 200
... O

7 axis

(02}
H
Intensity /cps
/

-3 -12 -11 -10 -09 -08

Sample lengthwise axis Z /mm

Fig. 4.5.8 Halving adjustment (Z scan)
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In Step 3, the shape of the w scan profile will sometimes be trapezoidal rather than a peak. If so,
the sample surface is behind the X-ray beam when the sample and the X-ray beam are parallel.
If this happens, perform a peak search by the Full Width at Half Maximum (FWHM) middle
point method, drive the @ axis to approximately the center, and repeat the adjustment steps 4
and 3, in that order. This ends halving adjustment.

For ordinary X-ray diffraction measurements, this halving adjustment will be adequate.
However, X-ray reflectivity measurements require finer halving adjustments.

Rather than a perfectly collimated beam, the incident X-ray beam has divergence. At halving
adjustment, part of the incident X-ray beam is reflected from the sample surface, passes through
the receiving slit, and is detected. For this reason, even after halving adjustment, the sample
surface may not be at the center of the incident X-ray beam. Thus, reflectivity measurements
require finer halving adjustments involving total reflection, in addition to halving adjustments
using the direct beam.

B. Fine Halving Adjustment (Total Reflection Range)

Reflectivity measurements use an extremely narrow incident X-ray beam with widths ranging
from 0.05 mm to 0.2 mm. Since the X-ray beam is incident on the sample at a grazing angle, a
strict halving adjustment is necessary. In addition to the halving adjustment performed with the
direct beam as described in Section 3.5.3 A, we perform halving adjustment in the total
reflection range. With adjustments in this range, the angular position of the 2 8 axis is set in the
total reflection range (approximately 0.3° to 0.4° for Si), and the Z, w, and y axes are scanned
and set to the positions at which we obtain maximum intensity.

Perform halving adjustments in the total reflection range as follows:

1. Match the zero position of the 28 axis and the zero position of the @ axis obtained in
the previous halving adjustment and perform the reflectivity measurement by the 29/
scan.

Intensity/cps

20/m scan

Il i Il Il i Il Il i Il Il
0.2 0.4 0.6 0.8 1
Scattering Angle 20/c /deg.

=]

Fig. 4.5.9 X-ray reflectivity measurement after halving adjustment
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In this case, the total reflection occurs in the range near 0.24° to 0.4° on the 2 8/w axis. Here, we
perform halving adjustment with total reflection at 26=0.3°.

2. Set 28w to 0.3° and scan the w axis

3_I IIII|IIII IIII|IIII TT |IIII IIII|IIII IIII|III_
400x10° | \ .
2 300 F .
2 C ]
‘ 2z C \ ]
2 200 ]
8 - -
\ i | |
— Ny, '
of ‘ ‘ ‘ ]
@ scan 0.10 0.12 0.14 0.16 0.18

Sample rotation axis o /deg.

Fig. 4.5.10 Halving adjustment in total reflection range (w scan)

We observe total reflection when the incident X-ray beam and the scattered X-ray beam have
the same angle with respect to the sample surface. The peak position in Fig. 4.5.10 is
approximately half of the position on the 28 axis.

3. Set the w axis at the peak position in Fig. 4.5.10 and scan the Z axis.

/

-|||||||||||||||||||||||||||||Nll|||||||||||||||||-
400x10° F / ]

300 /
200

Intensity /cps

100 \

-14 -13 -12 -11 -1.0 -09

Sample lengthwise axis Z /mm.

Fig. 4.5.11 Halving adjustment in total reflection range (Z scan)
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4. Set the Z axis at the peak position in Fig. 4.5.11 and scan the sample swing axis.

Direction of incident
= X-ray propagation

Swing axis

the adjustment.

\
—

 Scan

450X103 ; T 1T T 7T T 1T 17T T 1T 17T \I T 1T 17T LU ;
400 F /
I i
> z  300f \
E =/ AN
200 ¥ ]
> 150 // AN
Reflected toward the front -2 -1 0 1 2 3
Sample swing axis /deg.
Fig. 4.5.12 Halving adjustment in total reflection range (swing axis scan)
5. Set the swing axis at the peak position in Fig. 4.5.12 and scan the @ axis to complete
400x10° F ]
w» - 4
: U :
} 300 . / \ 3
5 200 :
E : / \ :
100 |- ]
0k - .
0.12 0.14 0.16 0.18 0.20

Fig. 4.5.13

Sample rotation axis o /deg.

Halving adjustment in total reflection range (e scan)

6. Repeat Steps 3 to 5 until the peak positions on the Z and w axes agree with those in the

previous scan.
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4.5.5 Reflectivity Measurement

Following sample alignment, perform pre-measurement to determine reflectivity measurement

conditions. Measurement

conditions vary depending on the optics used and the sample. A guide

to pre-measurement is given below.

= Guide to pre-measurement conditions

Scan axis

Scanning range
Sampling width
Scanning speed

Attenuator

20w

0°to 10°

0.005°

Several degrees/min

Automatic (Fixed at 1/800 in RINT III series)

Following pre-measurement, use the results as a guide to set measurement conditions so that the

oscillation in the reflectiv

ity profile is clearly observed.

= Guide for measurement conditions

Scanning range:

Sampling width:

Scanning speed:

Attenuator:

0° to the angle at which the reflection intensity decreases to the level
of the background (where the intensity observed is flat, up to
approximately 4° to 12°)

Width in which the profile shape near the critical angle or the
oscillation in the reflection intensity is clearly observed without being
squashed (0.001° to 0.01°)

« Approximately 1/5 to 1/7 of the minimum period of the oscillation
observed in the pre-measurement profile

Speed at which statistical fluctuations are suppressed to levels that
permit clear observation of the oscillation in the reflection intensity,
clear of noise (0.1°/min to 1°/min)

Since reflection intensity generally changes across a wide range (six to
eight orders of magnitude), the attenuator must be switched during
measurement. In SmartLab, set the attenuator to “Automatic”; in the
RINT I series, specify switching angles based on pre-measurement
results.
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Fig. 4.5.14 Example of reflectivity measurement

Scanning range: 0° to 8°; sampling width: 0.006°; scanning speed: 0.5°/min

4.5.6 Measurement Precautions

If the sample is bent or corrugated, total reflection intensity may be stronger or weaker than that
of the incident X-ray beam.

If the sample is bent convexly, X-ray beams reflected from the sample will diverge. The
divergent components are shielded by the receiving slit, and intensity decreases.

-

Sample .

Fig. 4.5.15 Effects when sample is bent convexly

When the sample is concavely bent, the X-ray beam reflected from the sample converges,
including the original divergent component in the incident X-ray beam, potentially resulting in
higher intensity.

Sample :

Fig. 4.5.16 Effects when sample is bent concavely
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If the sample is not bent uniformly but is corrugated, both of the effects above occur
simultaneously.

If the sample is bent as above, we recommend replacing the receiving slit with one slightly
larger (e.g., replace the 0.2-mm wide slit with a 0.5-mm wide slit) to detect all total reflection
components.

Replace the slit with a wider slit and perform sample alignment. If the sample is bent, the Z axis
value obtained by ordinary halving adjustment and that obtained by fine total reflection halving
adjustment may differ significantly (by approximately several dozens of a micrometer). In this
case, use the Z axis position determined in fine halving adjustment. Repeat the adjustment of the
Z axis and the w axis until the fluctuations in the Z axis converge to several micrometers or less.

Rough sample surfaces may keep reflectivity profiles from exhibiting oscillations clearly. In this
case, depending on the extent of the roughness, using an analyzer crystal in the receiving optics
may help observe clear oscillations.

§4.6 Example of Measurement

Fig. 4.6.1 shows an example of reflectivity measurement for various samples.

10°

\ \ \ \
Au film: Au (20 nm)/Si

o

107"

107

-3

10 Magnetic film: Ta (20 nm)/NiFe (15nm)/Glass

10"

10°

10°

Reflectivity(arb. unit)

107

s [Sinatural oxide film: SiO; (2 nm)/Si

10

107 \ \ \ \

(e
)
~
(@)}
%)

10
29/m (deg.)

Fig. 4.6.1 Examples of reflectivity profiles for various films
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Fig. 4.6.2 shows an example of a measurement for a superlattice multilayer film. This profile
corresponds to the superlattice multilayer film shown in Fig. 4.6.2. The profile shows the
superlattice peaks corresponding to the thickness of the period of the layers.

1 00 E ‘ ‘ T T T ‘ T T T T ‘ ‘ ‘ E

4 F Superlattice peaks ]

10 £ <4— (generated by the thickness of the period of the layers) =
0 -/
2 4 ]
5 107 ¢ E
=0t L -
= 10—5 ; GaAs(5nm) é
= = AlGaAs(5nm) E
8 6 ]
= 10 £ 10 periods =
& F 3
1 0-7 [ GaAs(5nm) ]

= Composition ratio: A1 0.2,Ga 0.8 3

10" E -

1 0_9 i | | | | ‘ | | | | ‘ | | | | ‘ | | | | ‘ | | | | ‘ | | | | ‘ | | | | ]

0 1 2 3 4 5 6 7

20/w(deg.)

Fig. 4.6.2 Example of reflectivity profile for superlattice multilayer film
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§4.7 Examples of Analysis

Here we take the example of the magnetic film shown in Fig. 4.6.1 to demonstrate a general
analysis of reflectivity.

The analysis is performed as indicated in the flowchart shown in Fig. 4.7.1.

Use the design value of the film or

/ \ the measurement results obtained by

Modeling ] other analysis techniques.
Use the film thickness calculated by
l Fourier transformation as a guide, if
o necessary.
Parameter editing B
Reflectivity profile calculation
(simulation)
Fitting <«——— Assess the adequacy of the
assumed model and calculation

l results.

End

K Reflectivity calculation /

Fig. 4.7.1 Procedural flow of reflectivity analysis

Fig. 4.7.2 shows the multilayer film model for the sample analyzed.

Ta 20nm — Scveral nanometers of Ta oxides are expected on the surface.
NiFe 15nm =3 Permalloy (NisFe) is assumed.
Glass substrate — Si10; is assumed.

Fig. 4.7.2 Multilayer model of magnetic film
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Load the measurement data.

1-106-

L L1

1-10°

i

L Ll

X-ray reflectivity (arb. Unit)

1 ll]lll})

1-10%,

Liil

26 (deg.)

Fig. 4.7.3 Measurement data

Set the model and input the thickness of each layer. The results of simulations with these
parameters are as follows:

Layer number Material Thickness (nm) Density(g/cm3) Roughness (nm)
B Ta;0s 3.000 8.352 0.500
2 Ta 20.000 16.650 0.500
1105 1 Ni,Fe 15.000 8.680 0.500
E Substrate Glass n.a 2210 0.500
= =
b=
=)
<
o 110 —_—
E ? ;_Experim_ent
= ] |=———Theoretical
=] -
s}
s
=t
e
>
g 11023
3 3
1-100
- I ! | ! 1 ! | ! 1} ! | I !
1 z 3 4 5 6 7
26 (deg.)

Fig. 4.7.4 Results of simulation
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Change the values of the parameters to bring the simulation results closer to the measured

profile. Here, we reduce the thickness of the Ta.

Layer number Material Thickness (nm) Density(g/cms) Roughness (nm)
3 Ta;05 3.000 8.352 0.500
2 Ta 17.200 16.650 0.500
14108 1 NisFe 15.300 8.680 0.500
E Substrate Glass n.a 2.210 0.500
=
]
=]
§ 1~1o‘§
Z =
s
=
]
2
]
S 1102
2 3
52 t
1-10°j
|
1

20 (deg.)

Fig. 4.7.5 Results of simulation (Second trial)

The measured profile and the simulation results are now in rough agreement. Now, perform
fitting.

Fit Parameters

[ & Show Residual Plot |
R-factor, %: 2.569

| settings

|| Fit method
f

Fit method: | Genetic Algorithm [v]| || Populations:| 500/ Individuals:| 50 Target chi® 1.00e-004

Fitevery: [ 1 point

Weights: —————————+——————[50 |%
Resicual type: [1A(Log] M || crossover m—mmmm——t———[50 |%¢
|Log10{ith)-Log10(exp)l
Max calculation time: | 30 | min
Layer number Material Thickness (nm) | Density (g/cm’) | Roughness (nm)
3 Ta,05 2.797 8.352 0.734
2 Ta 17.100 15.760 0.372
1_1065! 1 NisFe 15.299 8.519 0.576
= Substrate Glass n.a. 2.210 0.427
=
S
A 1-104‘3 —
E = — Experiment
= 7 = Theoretical
= I
=
(%}
a
s
v
>
o
=

20 (deg.)

Fig. 4.7.6 Results of fitting
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In this analysis, the fitting is successful, and the measured profile and calculation result are in
near-perfect agreement. The R value displayed below the parameter box in Fig. 4.7.6 indicates
the degree of agreement in the method of least squares. As this value approaches zero, the
measured profile and the calculation result are in closer agreement. (Use this only as a guide;
use the profile to judge whether the measurement and calculations agree.)

In this example, the fitting is successful in the first trial. For fitting to succeed in this way, the
simulation result must be as close as possible to the measured profile.

Even when the fitting is successful, there is no guarantee that the calculated value is correct in
absolute terms. We need to investigate to confirm whether the calculated solution is adequate.

If the measured profile and the simulation result do not agree, the model assumed may be wrong.
In such cases, the model needs to be reconsidered.

§4.8 Summary

This chapter discusses the principles of the X-ray reflectivity method, measurement procedures,
and analysis method. Summarized below are the topics described in this chapter.

(1) Features of X-ray reflectivity method

1. The sample must be sufficiently flat and smooth. (Surface or interface roughness must
be on the order of several nanometers or less.)

The method can be applied to polycrystalline and amorphous materials.
The method is extremely sensitive to surface states.
The method is independent of crystal orientation or strain.

The method is insensitive to changes in composition.

A

The method can be used to evaluate film thickness of up to approximately 1,000 nm. It
is not suited to use with thicker films.
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Reflectivity

(2) Information provided by X-ray reflectivity profile

Critical angle, 8. — density, p

10° * ] T Surface roughness,  Film thickness, Density,j)
al dl pl
Surface roughness, Film thickness, Density, @
Period, A, of Sairface roughness, = o
10" oscillation =) Dt
! 3
Film thickness, d
107 [~ = —I
Oscillation decay rate
10° = at higher angles
l
Surface or interface roughness,
4 L Amplitude of o
10 oscillation
1 |
Density contrast -
10° g Intensity decay rate at
: l 1 l higher angles
0 2 4 6 1

Surface roughness, &
20/6 (deg.)
(3) Analysis method
1. Method giving film thickness from the incident angle dependence of the oscillation
period.

2. Method giving film thickness via Fourier transformation.

3. Method giving film thickness, density, and surface or interface roughness by fitting.

Methods 2 and 3 are now practical under most conditions.
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Chapter S5 High-Resolution X-ray Diffraction Method
§5.1 Background of High-Resolution X-ray Diffraction Method

Powder crystals and imperfect crystals often contain many lattice defects, such as dislocations,
and their three-dimensional periodicity tends to be disordered. A mosaic crystal models this
disorder as an assembly of a large number of minute regions, without disorders in periodicity,
but with slight differences in orientation. In a mosaic crystal, a region in which X-rays can
interfere with each other is small, and incident X-ray beams in most cases may be scattered only
once in the crystal. The kinematical theory of diffraction applies to these cases involving many
inorganic and organic crystals and even amorphous materials and liquids.

Multiple scattering will occur in near-perfect crystals. The dynamical theory of diffraction
accounts for this multiple scattering. Materials such as Si, Ge, and GaAs have high perfection,
and this dynamical theory can be applied in these cases to relatively large samples. As Fig. 5.1.1
shows, if the wave in the incident direction (transmission direction) is scattered by a lattice
plane in a perfect crystal, waves are generated in the diffraction direction and transmission
direction. These waves reflect repeatedly from many lattice planes. When such reflections are
repeated, various diffraction phenomena arise due to interference between these waves within
the crystal.

. Wave in diffraction
Incident . .
direction
wave

\ / / Surface
Wave in transmission\ / \
direction

/NN

Lattice plane

Fig. 5.1.1 Diffraction phenomena in perfect crystal

The optics used for measuring ordinary powder samples (such as the Bragg-Brentano focusing
or the parallel beam method) are inadequate for measuring near-perfect crystals to which the
dynamical theory of diffraction applies. We must improve resolution by increasing the
collimation and monochromaticity of the X-ray beam and the precision of the goniometer. The
measurement techniques deployed with such optics are collectively referred to as the
high-resolution X-ray diffraction method.
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The high-resolution X-ray diffraction method is an X-ray diffraction method based on the
multiple crystal method. It is known as a precise experimental method for evaluating the
perfection of a single crystal or measuring the lattice constants of a single crystal.

The multiple crystal method uses one or more crystals other than the sample to provide the
functions of a monochromator, restricting the wavelength range of the X-rays, and of a
collimator, increasing the collimation of the X-ray beam. It can be used to adjust the
characteristics of X-rays incident on the sample crystal based on the perfection of the crystal to
be measured or the purpose of the measurement. Fig. 5.1.2 shows the arrangement of a
high-resolution X-ray diffractometer using a multiple crystal geometry.

X-ray source

Receiving slit or
analyzer

Multilayer mirror | " .
(may be omitted) | [\ £

Scintillation counter

Monochromator
and collimator

Precision goniometer

Fig. 5.1.2 Arrangement of high-resolution X-ray diffractometer

Between the X-ray source and the sample, we can insert a multilayer mirror to collimate and
monochromatize the divergent beam efficiently from the X-ray source. This optical device can
produce a collimated beam with higher luminance than conventional optical devices. After the
mirror, depending on the sample to be measured, we can insert a monochromator and
collimator to further collimate and monochromatize the X-ray beam. The sample is mounted on
the precision goniometer, and the X-ray beam diffracted from the sample is detected by an
X-ray detector (e.g., scintillation counter). Depending on the specific purpose of the
measurement, we can leave the receiving slit fully open or set it to a specified height or width. If
high resolution is required on the receiving side, we can use an analyzer crystal instead of the
receiving slit.

The crystal materials to be evaluated or measured include Si and I1I-V group compound
semiconductors. Current applications include measurements of a wide range of materials,
including thin-film single crystals epitaxially grown on such crystal substrates and superlattice
structures.
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The high-resolution X-ray diffraction method has seen dramatic progress in these areas. Here,
we discuss the relationship between compound semiconductors and the high-resolution X-ray
diffraction method.

One feature of compound semiconductors is that mixed crystals are formed by mixing two or
more compounds of arbitrary composition. Material parameters such as band gap and lattice
constants change continuously with mixed crystal ratios. Fig. 5.1.3 shows the relationship
between the lattice constant and band gap of representative compound semiconductors.
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Fig. 5.1.3 Relationship between lattice constant and band gap

For example, a binary compound semiconductor (e.g., AlAs or GaAs) in the figure has a band
gap and a lattice constant characteristic of the material. However, a ternary semiconductor,
AliGai<As, a mixed crystal of these materials, will have a value in between, based on
composition parameter x. In particular, the lattice constant adheres to Vegard’s law, changing
almost linearly with respect to composition (Fig. 5.1.4). All this means that a material having
the required characteristics can be synthesized by controlling the composition. This technique is
already applied to semiconductor lasers and light emitting diodes and has applications in daily
life. Although the X-ray diffraction method can measure lattice constants precisely, what degree
of precision is needed?

The lattice constants of GaAs and AlAs are given below:
aGaas = 5.6537 A
aaias = 5.6616 A

The difference is only 0.0079 A; in terms of relative value, Aa/a = 1.4 x 10~. To determine the
composition to a precision of 1%, the lattice constant must be determined to 1/100 of this
precision. This corresponds to measuring the Bragg angle at a precision on the order of several
ten-thousandths of a degree. This precision is more than an order of magnitude greater than the
precision required for ordinary powder X-ray diffraction. Thus, it requires a high-resolution
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X-ray diffractometer and multiple crystal geometry.

Incidentally, these mixed crystals are single crystal films grown by epitaxial techniques such as
the molecular beam epitaxy (MBE) and metal organic chemical vapor deposition (MOCVD)
onto single crystal substrates of known lattice constants. The X-ray diffraction peaks are
generated by both the epitaxial layer and substrate crystal. The lattice constant of the epitaxial
layer can be obtained as a value relative to that of the substrate crystal; measurements of
absolute value are not always necessary. Fig. 5.1.5, which shows the X-ray diffraction intensity
profile versus the incident angle obtained from such a crystal, is known as a rocking curve.
With the high-resolution X-ray diffraction method, the full width at half maximum (FWHM) of
the peak is approximately 10 seconds, which enables high-precision measurements.

aalas= 5.6616
<
§ AAlGaAs >
=
3
8
g
—
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Fig. 5.1.4 Vegard’s law and determining composition
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Fig. 5.1.5 Rocking curve

115



§5.2 Multiple Crystal Method Principles
5.2.1 X-ray Diffraction with a Perfect Crystal

The crystal used as the monochromator and collimator in the multiple crystal method is a
near-perfect single crystal. As discussed in the previous chapter, the X-ray diffraction that
occurs in a crystal with high perfection is called dynamical diffraction, and the associated theory
differs from the theory for kinematical diffraction encountered in powder and imperfect crystals.
Fig. 5.2.1 shows the reflectivity curve for monochromatic, divergent X-rays incident on a
perfect crystal, indicating reflectivity near 100% when the diffraction condition is met. /¥ in this
figure is the normalized angle parameter indicating the shift in the incident angle from the
Bragg condition. When no absorption occurs, the angle range with 100% reflectivity

corresponds to the angle range -1 < W< 1.

Reflectivity

=]
)}
I

Fig. 5.2.1 Reflectivity curve

The diffraction line width ey of the symmetric diffraction from a perfect crystal is
given by the following formula:

A |F
o =2-r —M Formula 5.2.1

' * zV sin26
This formula is known as the Darwin-Prins formula.

Here, 7, is the classical radius of an electron, A the X-ray wavelength, V' the
volume of the unit cell, 2§ the diffraction angle, and Fj the structure factor.
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Table 5.2.1 shows the theoretical values of this angle range ws for the following perfect crystals:

Si, Ge, and a-quartz. The values for ws are extremely small, ranging from several seconds to
less than 20 seconds, and proportional to the absolute values of the crystal structure factor F.
The parameter / in Table 5.2.1 is the integrated reflection intensity corresponding to the area

below the curve shown in Fig. 5.2.1. It is also proportional to |F}|, differing here from results for

kinematical diffraction, in which it is proportional to |Fj*.

Table 5.2.1 Diffraction width of perfect crystals (wavelength: 1= 1.54A)

I

Crystal hkl @s

(arc second) x 10%)

111 7395 39.9

220 5.459 29.7

311 3.192 16.5

400 3.603 193

Silicon 331 2.336 11.8
422 2.925 155

333 1.989 9.9

(511)

440 2.675 14.0

531 1.907 93

111 16.338 85.9

220 12.449 67.4

311 7.230 37.1

400 7.951 423

. 331 5.076 25.4

Germanium

422 6.178 324

333 4127 202

(511)

440 5.339 275

531 3.719 17.7

100 3.798 18.8

101 7.453 40.9

110 2512 12.2

102 2.488 12.9

200 2.252 115

a-Quartz 112 2.927 15.5
202 2.072 10.6

212 2.042 10.7

203 2.430 12.9

301 2.368 12.6

5.2.2 Application of Asymmetric Reflections

Reflections occurring when the surface of the crystal and diffraction plane are parallel are called

symmetric reflections. When these planes are not parallel, reflections are referred to as

asymmetric reflections. The angle range w; in Table 5.2.1 represents the diffraction width of

symmetric reflections. It can be decreased or increased by approximately an order of magnitude

using asymmetric reflection. If the lattice plane is at angle « with respect to the crystal surface,

asymmetry factor b is given by the following formula (& is the Bragg angle):

sin(8, — )
b=——F"——=
sin(6, + )
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For symmetric reflections, b = 1 holds. When @, denotes the angle divergence of the incident
X-ray beam causing the diffraction and wy denotes the angle divergence of the diffracted X-ray
beam, the following relationship holds:

w, =bw, =-/bo, Formula 5.2.3

The relationship given by the formula below holds between the width of the incident X-ray
beam /, and the width of the diffracted X-ray beam /.

[, = Z% Formula 5.2.4

Selecting the appropriate value for 5 makes it possible to increase or decrease the divergence
angle and spatial width of X-ray beams.

Fig. 5.2.2 Asymmetric reflection

5.2.3 Multiple Crystal Optics

This section discusses the specific case of double crystal optics among the general category of
multiple crystal optics. Discussions up to the previous section assumed that incident X-ray
beams are monochromatic. However, X-rays emitted from an X-ray source have a wavelength
distribution, and the effects of this wavelength dispersion must be taken into account with
double crystal optics. The manner in which this effect emerges depends on the double crystal
arrangement. The DuMond diagram schematically illustrates the relationship between X-ray
wavelength and incident angle and is used to describe the mechanism. Fig. 5.2.3 shows the
DuMond diagram for a single crystal.
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Fig. 5.2.3 DuMond diagram

The vertical axis corresponds to wavelength A, while the horizontal axis corresponds to angle, &.
The diffraction condition of the crystal is expressed by the curve 4 = 2dsiné. This sine curve is
assigned a width corresponding to the dynamical diffraction width ws, which is characteristic of
the crystal.

Now, assume that an X-ray beam with divergence angle (21s incident on the crystal through a
slit. In the DuMond diagram, the effects of the slit appear as a vertical band of width (2. The
region in which the curve and band overlap corresponds to the angle-wavelength distributions of
the diffracted beam. In Fig. 5.2.3, the angle distribution is from 8, to & and the wavelength
distribution from A4, to /.

Fig. 5.2.4 shows the double crystal arrangements and their DuMond diagrams. There are two
types of double crystal arrangements: the (+, -) arrangement and the (+, +) arrangement. The
(+, -) arrangement is further divided into two subtypes: the (+, -) parallel arrangement, in
which the interplanar spacing (d value) of the two crystals are identical, and the (+, -)
non-parallel arrangement, in which the interplanar spacing (d value) of the two crystals differ.

(a) (+, -) parallel arrangement
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Fig. 5.2.4 Double crystal arrangements and corresponding DuMond diagrams

Fig. 5.2.4 (a) shows the (+, -) parallel arrangement. The X-ray beam with wavelength
distributions from A, to A, is diffracted by the first crystal, C;, and is incident on the second
crystal, C,. With the first crystal positioned at an angle, the second crystal is rotated (e rotation)
to render the lattice planes of the two crystals parallel. The wavelength components distributed
from A; to 4> now satisfy the diffraction condition simultaneously. In the DuMond diagram, the
band B, indicating the diffraction condition of the first crystal and band B; indicating the
diffraction condition of the second crystal, overlap with the same shape, and a broad range of
X-ray wavelengths X-rays contribute to the diffraction. The X-rays in this broad range of
wavelengths are restricted by divergence angle (2, depending on the size of the X-ray source,
slit width, and other factors. Diffraction intensity is high, since a broad range of wavelengths
can be used.

Fig. 5.2.4 (b) shows the (+, -) non-parallel arrangement. Since the d values of the first and
second crystals differ, the w angle that satisfies the diffraction condition for the X-ray beam
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with wavelength 4, cannot simultaneously satisfy the diffraction condition for an X-ray beam
with wavelength 4». As the w angle rotates, different wavelength components satisfy the
diffraction condition from A; to A, at different positions on the crystal. In the DuMond diagram,
the region in which the bands B, and B: overlap undergoes diffraction, and this region moves as
the w angle rotates. In this case, the rocking curve shows an angle spread caused by the
wavelength spread of the X-rays incident on the first crystal.

Fig. 5.2.4 (c) shows the (+, +) arrangement. Here, the direction of the horizontal axis is reversed
for band B,. The arrangement produces an X-ray beam having angle spread and wavelength
distribution corresponding to the region in which the bands B, and B, overlap. The widths of B;
and B, along the #axis are extremely narrow, approximately 10.5 rad. The corresponding
wavelength spread is also narrow, with A4/ to 10.s. In this manner, this arrangement can
produce an X-ray beam with extremely high monochromaticity. (For reference, the natural
width of the Cu K¢ line is AX/A = 3.8 x 107, part of which is selected.)

5.2.4 Channel-Cut Crystal and Monochromator System

The monochromator system uses combinations of channel-cut crystals.
A channel-cut crystal is an optical device proposed by Bonse and Hart. A channel is cut in a Si
or Ge perfect crystal block to cause multiple instances of Bragg diffraction (Fig. 5.2.5).

A channel is cut in a perfect crystal block.

\

Fig. 5.2.5 Schematic diagram of channel-cut crystal

When the beam is reflected an even number of times, the X-ray beam output from the optical
device has the same direction as the X-ray beam incident on the optical device. Since all
reflections overlap in the bands with the same shape in the DuMond diagram, the wavelength
spread persists up to the last reflection. However, the reflectivity curve is basically similar to
that of the single reflection shown in Fig. 5.2.1.

Fig. 5.2.6 compares the reflectivity curves of a single reflection and reflections from
channel-cut crystals. The advantages of repeating reflections are given below.

121



o F ]
107 = — .
= < 1 reflection
210t L ' §
> E-' / ] 1 - G .
= F = 2 reflections
FR o '\ b
£ ’ Y 3
& a6 L '/ / \ \R3 ]
107 ¢ ’ | =
B I/ ’ ‘\ \\ 3
L P N 3 3 reflections
E I'4 N 3
E ’ 1Y 4 |
g L R 3
10° L L, N ]
E r'd LN 3
F,° Se
£ “s 4 reflections
10_10 i | [ T | T | ]
-10 -5 0 5 10 15

Deviation Ao (arcsec)

Fig. 5.2.6 Reflectivity curves of channel-cut crystal

In the case of a single reflection, reflectivity curve R has a long tail on both sides of the peak.
The reflectivity curve after n reflections is given by its power, R". The center region (|| < 1) of
the reflectivity curve shows a reflectivity near 100% and does not significantly attenuate after
repeated reflections. However, reflectivity decreases significantly in the tails (|/#] > 1). Thus,
repeated reflections remove the intensity in the tails and produce an X-ray beam with an angular
distribution without a tail.

Thus, n reflections in a channel-cut crystal have the effect of making the angular distribution
rectangular. Nevertheless, it does not reduce the diffraction width or wavelength width.

A. Double-Crystal Monochromator

A double-crystal monochromator is basically equivalent to a single-reflection flat crystal
monochromator. In the DuMond diagram, it is expressed as a single band with a width of ws.
The rocking curve produced using this monochromator takes the non-parallel arrangement if the
lattice constants of the monochromator and sample differ. Thus, the width of the rocking curve
has an angle spread attributable to wavelength dispersion.
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The DuMond diagram (Fig. 5.2.4 (b)) explains the angle spread caused by wavelength
dispersion. Fig. 5.2.7 magnifies the region in which the two bands cross. This figure ignores the
diffraction width of the crystal itself and indicates the bands as lines.

Wavelength

S
>

Aﬂ\

Fig. 5.2.7 Angle spread caused by wavelength dispersion

In this the figure, M indicates the band of the double-crystal monochromator. We assume that
the diffraction condition is met in the wavelength range A4, around A. The range AA is restricted
by the divergence angle of the X-ray beam incident on the monochromator. S in the figure
indicates the band of the sample crystal. The @ rotation of the sample corresponds to the parallel
translation of this band about the g axis.

The sample diffracts the X-ray beam when band S intersects with band M in the range AZ; in
short, when the band of the sample is found between the lines S1 and S2 in the figure.
(Intersections are circled.) The difference between the sample angles 8s; and 65, corresponding
to the cases in which the band S is at the positions S1 and S2, respectively, is the angle spread
A8, caused by wavelength dispersion.

Angle spread A8, is calculated as shown below. When the gradient of a band is denoted as G, it
is given by differentiating Bragg’s equation as follows:

G= d%& =2dcosf = /%anH Formula 5.2.5

Thus, when Gu and Gs, respectively, denote the gradients of the bands of the monochromator
and the sample, A0;, is expressed by the following formula:

A8, = A4 SN =(A—/1J(tan6’M —tandy) Formula 5.2.6
G, G A
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The approximate full width at half maximum (FWHM) of the rocking curve in the non-parallel
arrangement is given by the following formula by adding the diffraction width of the crystal
itself to the angle spread attributable to wavelength dispersion.

FWHM = |0} + A0 + o’ Formula 5.2.7

Here, ww is the diffraction width of the monochromator and ws the diffraction width of the
sample crystal.

As an example, calculate FWHM when the monochromator is a Ge (220) channel-cut crystal
and the sample is GaAs (400).

Calculations

With parameters wm (Ge (220)) = 0.0034°, ws (GaAs (400)) = 0.0022°, 6y = 22.65°,
and & = 33.02°, when extracting only the Cu K¢ line: AY/A=3.8 x 10 and Ag; = 8.8
x 107 rad. = 0.005°

Calculations give FWHM = 0.0065°.

The value of Afis extremely small when the Bragg angles of the monochromator and the
sample are close. For example, when the monochromator is Ge (400) and the sample is GaAs
(400), the Bragg angles are virtually identical, so that width A&, is almost zero. When the
sample is InP (400), A8, is approximately two seconds, which is not extremely large. Known as
the pseudo-parallel arrangement, this arrangement can produce high resolution rocking curves.

B. Four-Crystal Monochromator

The four-crystal monochromator is a monochromator first put to practical use by Barters, based
on an idea proposed by DuMond. Two channel-cut crystals are placed in a mirror symmetric
arrangement to reflect the beam four times, including a (+, +) arrangement. In this manner, the
four-crystal monochromator forms a monochromator and collimator system with high
wavelength selectivity. The four-crystal monochromator makes it possible to maintain high
resolution regardless of the Bragg angle. It is free of the inconvenience associated with
replacing and adjusting the monochromator each time the sample or the reflection indices are
changed in the double-crystal method.

Fig. 5.2.8 shows the example of rocking curve measurement using a Ge (440) four-crystal
monochromator. Figures (a), (b), and (c) show examples of measurements for a ZnSeS film on a
GaAs substrate with different reflection indices. Figure (d) shows the rocking curve of an
InGaAsP film on an InP substrate. The rocking curves are obtained regardless of the reflection
indices or materials.
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Fig. 5.2.8 Examples of rocking curves measurement using a four-crystal monochromator

Fig. 5.2.9 shows the DuMond diagram of the X-ray beam produced by a four-crystal
monochromator. It shows a rhombic region of restricted wavelength range and angle range. The
full width at half maximum (FWHM) of a rocking curve with a four-crystal monochromator can
be expressed as the range in which this range and the band of the sample overlap. The FWHM is
given by Formula 5.2.6. Here, we can obtain A8, by calculating Ag; = (AA/A)tanbs. Here, AA/A
is the wavelength width (Table 5.2.2 in Section 5.2.5) restricted by the four-crystal
monochromator, while & is the Bragg angle of the sample. Since A&, includes the tangent of the
Bragg angle, it is quite large for reflections of large & angles near 90°.
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Fig. 5.2.9 Angle spread in high-angle reflections

For example, for Si (444), which diffracts the beam at a high-angle reflection at 29=158.624°,
the width of the rocking curve with a Ge (220) four-crystal monochromator is 0.022°, a
relatively large value.
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5.2.5 Practical Monochromator System

Rigaku’s X-ray diffractometers (SmartLab and the RINT III series) support monochromator
systems, which are boxed channel-cut crystals as shown in Fig. 5.2.10. The channel-cut crystal
used is a block of Ge single crystal, a perfect crystal, cut with a channel, with the crystal surface
(channel surface) parallel to the (110) plane or the (100) plane (only SmartLab). The box is
characterized by mounting reproducibility and can be adjusted by computer. For this reason,
measurements can be started immediately after the monochromator is set to its position, and the
operator can adjust it to the optimal conditions if more reliable data is needed.

Fig. 5.2.10 Monochromator box (SmartLab)

SmartLab and the RINT III series support the four optics below.

1. Without monochromator (Medium resolution PB in SmartLab and Thin film
(General) in the RINT III series)

2. Double-crystal monochromator optics (High resolution PB-Ge (220)x2 and High
resolution PB-Ge (400)x2 in SmartLab and Thin film (High resolution) in RINT III
series)

3. Four-crystal monochromator optics (Only in SmartLab, Ultra high resolution PB-Ge
(220)x4 and Ultra high resolution PB-Ge(440)x4 )
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1. Without monochromator

Fig. 5.2.11 Switching optics

(1) Without monochromator

The optics use an incident slit to extract part of the direct beam collimated by the reflection on a
multilayer mirror. It does not use a channel-cut crystal. The divergence angle of the X-ray beam
depends on the multilayer mirror and is approximately 0.04°.

(2) Double-crystal monochromator optics

The optics use a double-crystal monochromator system containing a set of channel-cut crystals.
When the rotational angle of the channel-cut crystal is set to the w angle of the (220) reflection
((400) reflection for the high resolution PB-Ge (400)x2), the Ge single crystal diffracts the
incident X-ray beam, and the diffracted X-ray beam is extracted. The X-ray beam is then shaped
to the required size by the incident slit.

The double-crystal monochromator outputs the diffracted X-ray beam parallel to the incident
X-ray beam, but the position is shifted. When D denotes the distance between the two crystals in
the channel cut crystal and & denotes the Bragg angle, the shift / is given by the following
formula below:

H=2Dcos8
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Here, D is approximately 5 mm, and &is 22.5° for the Ge (220) reflection, so H is
approximately 9.5 mm. The incident slit and the goniometer must be horizontally shifted by this
amount. This shift is corrected using the goniometer T axis.

Since the channel-cut crystal uses the double crystal (+, -) parallel arrangement, the wavelength
range selected in the first reflection is conserved in the second reflection. Thus, the X-ray beam
extracted has a spread in wavelength dispersion. The divergence angle is approximately 32
seconds for Ge (220) and approximately 40 seconds for Ge (400).

(3) Four-crystal monochromator optics

The optics use a four-crystal monochromator system incorporating two sets of channel-cut
crystals. When the two channel-cut crystals are placed in a mirror symmetric geometry and the
rotational angle is set to the w angle of the (220) reflection, the Ge single crystal diffracts the
incident X-ray beams, and the diffracted X-ray beam is extracted. The X-ray beam is then
shaped to the required spread by the incident slit.

The four-crystal monochromator outputs the X-ray beam diffracted by the Ge crystal parallel to
the incident X-ray beam at approximately the same position.

An important feature of the four-crystal monochromator is that it contains the (+, +)
arrangement in the four crystal arrangement. This results in a wavelength window that
significantly restricts the divergence angle and wavelength range of the extracted X-ray beam.
Measurements with a four-crystal monochromator can always be performed at high resolution
regardless of the sample crystal type or the indices of the lattice plane used for diffraction. With
the Ge (220) settings, the divergence angle is approximately 12 seconds, and the wavelength
range is 39% of the natural width of the Cu K¢ line. With the Ge (440) four-crystal
monochromator, the divergence angle is reduced to approximately 5 seconds, and the
wavelength range is reduced to approximately 6%. Table 5.2.2 below summarizes the
monochromator optics and the monochromaticity and collimation of the X-ray beams obtained.

Table 5.2.2 Wavelength width and collimation by common monochromator system

Optics Wavelength Collimation A9 Relative
width AA/A (seconds) intensity

Medium resolution PB 150 200

(Thin film (general))

High resolution PB-Ge (220)x2 (Thin | 3.8 X 10" 32 10

film (high-resolution))

High resolution PB-Ge (400)x2 40 5

Ultra high resolution PB-Ge (220)x4 | 1.5X 10" 12.4 1

Ultra high resolution PB-Ge (440)x4 | 2.3 X107 5.4 0.05
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§5.3 Summary

This chapter discussed high-resolution optics for measuring crystals with high perfection, such
as Si, Ge, and GaAs. Summarized below are the topics covered.

1. Diffraction by perfect crystal

An ordinary powder crystal or imperfect crystal sample has a disordered three-dimensional
periodicity. X-rays are scattered only once in a crystal.

— Kinematical theory of diffraction
In a near-perfect crystal, X-rays undergo multiple scattering.

— Dynamical theory of diffraction

The optics used to measure ordinary powder samples are inadequate for measuring samples to
which the dynamical theory of diffraction applies. We must improve X-ray beam collimation
and monochromaticity.

— High-resolution X-ray diffraction method

2. Multiple crystal optics

Double crystal arrangement
(1) (+, -) parallel arrangement

The interplanar spacings of the two crystals are identical. A broad range of wavelengths
(depending on divergence angle (2) can be used.
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(2) (4, -) non-parallel arrangement

The interplanar spacings of the two crystals differ. An angle spread is caused by the
wavelength spread of the incident X-ray beam.
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(3) (+, +) non-parallel arrangement

The interplanar spacings of the two crystals are identical, resulting in an extremely
narrow angle spread and wavelength distribution.
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3. Monochromator

Wavelength width and collimation by common monochromator systems

Optics Wavelength Collimation A9 Relative
width AAA (seconds) intensity

Medium resolution PB 150 200

(Thin film (general))

High resolution PB-Ge (220)x2 (Thin | 3.8 X 10™* 32 10

film (high resolution))

High resolution PB-Ge (400)x2 40 5

Ultra high resolution PB-Ge (220)x4 | 1.5X 10 12.4 1

Ultra high resolution PB-Ge (440)x4 | 2.3 X107 54 0.05
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Chapter 6 Rocking Curve Measurement

As in Chapter 5, there are two theories on diffraction phenomena by crystallization: the
kinematical theory of diffraction and the dynamical theory of diffraction. Since semiconductor
crystals such as Si, Ge, GaAs, and GaN feature high perfection (near-perfect uniformity of
lattice constants and crystal orientation), the latter dynamical theory of diffraction is applied to
substrates made of these crystals. When rocking curve measurements are performed to evaluate
the composition and film thickness of epitaxial films grown on such semiconductor substrate
crystals, the measurement results are generally analyzed using the dynamical theory of
diffraction.

This chapter discusses the basics of the dynamical theory of diffraction and its use in evaluating
epitaxial films

§6.1 What is the Dynamical Theory of Diffraction?

Most crystalline materials are assemblies of extremely small crystals, each of which can be
regarded as a perfect crystal completely free of lattice disorders. Of those small crystals, the
majority of samples called single crystals are mosaic crystals, assemblies of even smaller
crystals with slightly differing orientations. In such crystals, each perfect crystal free of lattice
disorders is extremely small (on the submicron order or smaller), and X-rays incident on such
crystals are scattered just once. However, if X-rays are incident on a sample formed entirely of a
single perfect crystal, the X-rays transmitted through part of the sample without being scattered
are scattered in a deeper region of the sample. In such samples, the propagating X-rays are
scattered numerous times. This is called multiple scattering.

The kinematical theory of diffraction assumes that the incident X-rays are scattered just once in
the material. This makes it unsuitable for near-perfect crystals of relatively large volumes in
which multiple scattering can occur. When multiple scattering occurs, the transmitted X-rays
and scattered X-rays interfere within the crystal, and propagation of these waves in the crystal
must be accounted for. To assess such diffraction phenomena, we must calculate the X-rays
incident on the surface of the sample, the wave fields in crystals connected to the incident
X-rays, and the waves transmitted and diffracted out of the sample connected to this wave field.
The word “connected” here refers to satisfying the boundary conditions. The dynamical theory
of diffraction is a diffraction theory that considers the phenomena occurring in such
near-perfect crystals.
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(a) Single scattering by mosaic crystal (b) Multiple scattering by perfect crystal

Fig. 6.1.1 Single scattering and multiple scattering

The dynamical theory of diffraction was almost solely established by Darwin (1914) and Ewald
(1917). Ewald used Thomson scattering as the fundamental process and explored
three-dimensional multiple scattering. Darwin considered reflections from a single atomic plane
as the fundamental process and formulated multiple scattering on this basis. Darwin’s method
bore resemblances to the method for calculating the reflectivity of multilayer films. Later, Laue
(1931) regarded the entire crystal as a polarizable medium and established a method for solving
Maxwell’s wave equations. Here, we describe the diffraction phenomena characteristic of the
dynamical theory of diffraction according to Laue, the version most commonly applied.

§6.2 Basic Equation of Dynamical Theory of Diffraction

Assume two or more incident waves and scattered waves within a crystal, interfering with each
other constructively or destructively. We calculate the waves emerging from (or existing in) this
environment by solving Maxwell’s equations while regarding the crystal as a region of periodic
permittivity into which X-rays—electromagnetic waves forming an oscillating electric
field—enter. The formula thus obtained that expresses the waves that can exist within the crystal
is called the fundamental equation. In this section, we derive the fundamental equation,
calculate the waves that can exist within the crystal, and calculate the observed transmitted and
diffracted waves by considering the boundary conditions at the interface between the vacuum
(or air) and the crystal. In doing so, we will also examine diffraction conditions under the
dynamical theory of diffraction.

6.2.1 Maxwell’s Equations in Crystal

We can calculate the X-rays allowed to exist in a crystal by solving Maxwell’s equations while
regarding the crystal as a region of periodic permittivity. Permittivity can be regarded as a
constant in the more commonly encountered optical systems that handle light of longer
wavelengths, but permittivity corresponding to X-rays changes locally in a material.
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This section begins by discussing Maxwell’s equations in a crystal.

Maxwell’s equations in a material are generally given as follows:

ce CE
rotB:,uo(J+]p+]m)+gO,uO§ Formula 6.2.1
cB
rotE =—— Formula 6.2.2
ct
. 1
divE=—(p+p,) Formula 6.2.3
€y
divB=0 Formula 6.2.4
E: Electric field j: Actual current
B: Magnetic flux density jp: Polarization current
&: Permittivity of vacuum jm: Magnetizing current

Lo: Magnetic permeability of vacuum  p: Actual charge density

Pp: Polarization charge density

Since we are considering a periodically changing electromagnetic field, we remove the
electromagnetic field attributable to the actual current j and actual charge density p by assuming
j=0and p=0.

Consider the electric field. The polarization charge density g, is the charge density generated by
eclectic polarization P, and polarization current j, is the current generated by the time variation
of electric polarization P. These quantities are given by the following formulas:

cP
Jp = 5 Formula 6.2.5
p,=—divP Formula 6.2.6

Electric field E is related to electric flux density D, as follows:

D=sE+P

Formula 6.2.7
=¢E
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Here, ¢1is the permittivity of the material. Polarization P is given by the following formula:

P=¢,yE Formula 6.2.8

Here, y is electric susceptibility, which indicates the degree of polarization generated in the
material when an electric field E is applied. It also indicates how easily the material scatters
X-rays. Electric susceptibility and the permittivity of the material have the relationship indicated
by the following Formula, as derived from Formulas 6.2.7 and 6.2.8:

e=¢g,(1+y) Formula 6.2.9

Here, at the microscopic scale, the electric polarization expressed in Formula 6.2.8 can be
regarded as the vector sum of the electric dipole moment per unit volume in the material. If we
ignore radiation damping, in which electrons lose energy by emitting electromagnetic waves,
and the constraining force to which electrons are subject by the electron cloud, we can express
electric polarization in terms of frequency w of the electric field and electron density
distribution p(r) in the material, as in the following formula:

2
e

P=- p(r)E Formula 6.2.10

2
mao

Based on Formulas 6.2.8 and 6.2.10, the following formula gives the relationship between
electric susceptibility and electron density at position r in the material when electromagnetic
waves of frequency w and wavelength A are incident on the material:

2
e

x(r)=-— p(r)
m

2
W&,

= _—2p(r) Formula 6.2.11

Here, c is the speed of light and 7. the classical electron radius. Since electric susceptibility y(r)
has the same periodicity as the crystal lattice, it can be expanded into a Fourier series, as in the
following formula:

2(X) ="y, exp(ig-r) Formula 6.2.12
g
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Here, g is the reciprocal lattice vector and r the position vector in the crystal lattice.

We can also express p(r) in terms of the crystal structure factor F, and unit cell volume v,
similarly to a Fourier series.

pr)= iZ:Fg exp(ig-r) Formula 6.2.13
vc 4

From Formulas 6.2.12 and 6.2.13, we obtain the following relational expression between
electric susceptibility and the crystal structure factor:

/12
X =——2F, Formula 6.2.14
VA%

c

Formula 6.2.14 shows that g, is a negative value of lesser magnitude than F, by an order of 10~
to 10°.

Next, we consider the magnetic field. In general, magnetic field H is related to magnetic flux
density B as follows:

B=uH Formula 6.2.15
Here, g is the magnetic permeability of the material. Since we are considering the interaction
between the material and the X-rays, we assume the material to be magnetically identical to a

vacuum. Thus, magnetizing current is jm = 0. In this case, 1= u holds true, and we can rewrite
Formula 6.2.15 as follows:

B=uH Formula 6.2.16

Based on the discussion above, we can rewrite Maxwell’s equations as follows:

D
rotH = 8_ Formula 6.2.17
ot
cH
rotE =—pu,— Formula 6.2.18
ot
divD=0 Formula 6.2.19
divH=0 Formula 6.2.20
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6.2.2 Derivation of the Fundamental Equation

Consider the X-rays in a crystal and derive the fundamental equation expressing the waves
allowed to exist in the crystal.

According to Bloch’s theorem, the electron density distribution in a material having periodicity
due to the crystal lattice modulates the plane wave, E = exp{i(ko*r-wt)}, incident on the
material; thus, the following formula describes the X-rays observed in the material:

E =exp{i(k, -r—ot)}u(r) Formula 6.2.21

Here, k, is the wave vector of the incident X-ray wave and u(r) a function having the periodicity
of the crystal lattice. If this function is expanded into a Fourier series, electric field E is given
by the following formula:

E=expli(k, -r —a)t}ZEg exp(ig-r)
¢ Formula 6.2.22
= exp(—ia)t)ZEg exp(ik, -r)
4

Here, kg is the wave vector of the diffracted wave, related to the reciprocal lattice vector g as
follows:

k, =k, +¢g Formula 6.2.23

The time-dependent oscillating component exp(-iw?) in Formula 6.2.22 is averaged out in
discussions of the diffraction condition and diffraction intensity and is therefore omitted
hereafter.

As implied by Formula 6.2.22, the X-ray wave in the crystal is consequently expressed as a
superposition of the plane waves of wave vectors kg. This wave is called the Bloch wave.

In Formulas 6.2.17 and 6.2.18, the time-dependent oscillating components of electric flux
density D and magnetic field H are the same as that of electric field E. Thus, these formulas can
be rewritten as follows:

D
6_ =—iwD Formula 6.2.24
ct
H
66_ =—ioH Formula 6.2.25
¢

137



When we take the rotation of both sides of Formula 6.2.18, substitute Formula 6.2.17 into rotH,
and apply Formula 6.2.7 and 6.2.9, we obtain the following formula:

rotrotE=K*(1+ y)E Formula 6.2.26

Here, K is the wave number of the X-ray wave in a vacuum. To transform Formula 6.2.26, we
apply the following calculation:

rot{E, exp(ik, -r)} =ik, xE_ exp(ik, -r) Formula 6.2.27
rotrot{E_exp(ik, -r)} =k, x(k,xE_ )exp(ik, -r)

) ) Formula 6.2.28
=k, Eg, exp(iK, 1)

Here, Egjiig) is the component of Eg perpendicular to kg. The following formula gives the
product of y and E:

X(r)E(r) = zz}(h exp(th'r)E, exp(ik, -r)

. Formula 6.2.29
=22 e 4By exp(iK, 1)
g h

h'+k, =k,, h'+th=g Formula 6.2.30

Substituting Formulas 6.2.28 and 6.2.29 into Formula 6.2.26 and denoting the wave vector in
vacuum as K produces the following formula:

Z{knggukg] -K’E,-K*)’ ;(g_hEh}exp(ikg r)=0 Formula 6.2.31
h

g

For this formula to hold everywhere in the crystal, this formula must hold for an arbitrary value
of r. To meet this condition, the coefficients of the terms with the factor exp(ikg*r) must be

zero, and [“in which case”] we obtain the following formula:

2
k,E

~-K’E
gw}?z g _ Zlg-hEh Formula 6.2.32
h
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This formula is the fundamental equation of the dynamical theory of diffraction. The electric
field E of the X-ray wave allowed to exist in and out of the crystal when the X-ray wave with
wave vector K is incident on a crystal with electric susceptibility y is a solution of this formula.
When n waves exist within the crystal, this formula is a set of » simultaneous equations.

As g takes an extremely small value, we can assume E e, = E, , then rewrite the

fundamental equation of Formula 6.2.32 as follows:

kS -K*
gTEg = ZZg—hEh Formula 6.2.33
i

6.2.3 Boundary Conditions

In the previous section, we derived the fundamental equation that must be satisfied by an X-ray
wave in a crystal. This section discusses the boundary conditions that must be satisfied when the
incident X-ray wave enters the crystal from a vacuum (or air) and when the diffracted X-ray
wave and transmitted X-ray wave exit the crystal.

Take the z axis perpendicular to a flat surface of the crystal and assume that the surface is at z =
Zs. Fields (E, D) in the crystal and fields, (E*, D*) out of the crystal satisfy the boundary
conditions only if the electric field components parallel to the interface in and out of the crystal
are the same at z = Z; and the electric flux density components perpendicular to the interface in
and out of the crystal are the same at z = Z. That is, the following relationships must hold:

E =E', D,=D; Formula 6.2.34

Here, indices t and z, respectively, indicate the parallel and perpendicular components of the
fields with respect to the interface. The magnetic field H components parallel to the interface in
and out of the crystal must be the same at z = Z;, and the magnetic flux density B components
perpendicular to the interface in and out of the crystal must be the same at z = Z;, which are also
boundary conditions. However, for electromagnetic waves in the X-ray range, the continuity of
the electric field and the continuity of the magnetic field are considered equivalent. When two
of four are satisfied, the boundary conditions are regarded as met.

As discussed in the previous section, a wave field can be expressed as a superposition of plane
waves (Formula 6.2.22). Each plane wave component is a product of the amplitude (£,) and the
phase factor (exp(ikg°r)). For a wave field thus expressed to be continuous at any position on
the interface, the components of the wave vectors (kg and Ky,) in the plane of the interface must
be the same in and out of the crystal. If this condition is not satisfied, even if Formula 6.2.34
holds at a position on the interface (at position r), it will not hold at other positions. This
condition is equivalent to Snell’s Law. Thus, the relationship below is a precondition:
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Formula 6.2.35

K
Kmt:kg{ 2 7[/ Km
3 =
\kg\x 27k
kg
(a) Agreement of the components of (b) Agreement of the wave front on the interface

the wave vectors in the plane of the interface

Fig. 6.2.1 Continuity of the wave phases on interface

Assume the wave fields in and out of the crystal are expressed by the following formulas and
calculate the wave fields that specifically satisfy the boundary conditions.

E=)E_ exp(ik,-r), D=) D, exp(ik,r) (in crystal)
g g
E* = ZE; exp(iK,, -r), D= ZD; exp(iK, -r) (out of crystal)

Formula 6.2.36
When z and t denote the unit vectors in the directions perpendicular and parallel to the interface,
respectively, the wave vectors in the crystal can be expressed as follows:
k,=k,z+k,t
K, =K, z+K, t

Formula 6.2.37
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From Formulas 6.2.36 and 6.2.37, the boundary conditions of Formula 6.2.34 can be expressed
at z = Z; as follows:

> E, explik,Z)= Y Ei exp(iK,,Z,) Formula 6.2.38
kgt =K kgl =K

> D, exp(ik,Z,)= Y Di exp(iK,,Z,) Formula 6.2.39
kgt =K, kgr =K,

The summation Z indicates that the sum is taken over components satisfying the

kgt =K,
boundary condition for phase factor as indicated in Formula 6.2.35. Since y, takes extremely
small values, D;. in Formula 6.2.39 can be replaced by E,.. Consequently, the following single
formula summarizes Formulas 6.2.38 and 6.2.39 to a good approximation:

> E exp(ik,,Z,)= > E;exp(iK,,Z,) Formula 6.2.40

kg =K kg =K

mt

This is the boundary condition that must be satisfied by the wave fields in and out of the crystal.

6.2.4 Two-Wave Approximation and Dispersion Surface

So far, we have considered all wave fields allowed to exist in and out of the crystal. However,
under typical experimental conditions, only a single type of lattice plane is considered to diffract
the X-ray beam. A situation in which only two waves, a wave (O wave) propagating in the
incident direction and a wave (G wave) propagating in the diffraction direction, can be
approximated. The amplitudes of other waves may be regarded to be zero. This approximation
is called the two-wave approximation.

Denote the wave vector of the wave propagating in the incident direction as k, and the wave
vector of the wave propagating in the diffraction direction as k,. Here, the indices o and g
correspond to the origin of the reciprocal lattice O and the reciprocal lattice point G, respectively.
Under the conditions of the two-wave approximation, the electric field of Formula 6.2.22 can be
expressed as follows, omitting the time-dependent component:

E=E, exp(ik, -r)+E, exp(ik, -r) Formula 6.2.41

If we substitute Formula 6.2.41 into the fundamental equation 6.2.34, the corresponding
coefficients of the position-dependent factors exp(ik,*r) and exp(ikq*r) must be the same on
both sides of the formula. Thus, the fundamental equation can be expressed in terms of
polarization factor P as in the following formulas:
(k,} —k*)E, -K’Py E, =0
KZP;( E —(k ) _kz)E 0 Formula 6.2.42
g o 4 g
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E, and E, are the components of E, and E, perpendicular or parallel to the plane including k,
and k, (scattering plane), respectively. The perpendicular components correspond to the &
polarization, while the polarization factor in this case is P = 1. The parallel components
correspond to the « polarization. The polarization factor in this case is P = cos26p, where 263 is
the diffraction angle.

For the simultaneous equations of Formula 6.2.42 to hold, the so-called secular equation below
must be satisfied:

k) —k> K*Py-
, , gz =0 Formula 6.2.43
K°Py, k, —k

Here, k, and k, are vectors whose tips are at the origin of the reciprocal lattice and at the
reciprocal lattice point G corresponding to the diffraction, respectively. The trajectories of the
starting points of these vectors satisfy Formula 6.2.43. The trajectories of the starting points of

these vectors form two spheres if no diffraction occurs; thus, e =X = 0 is satisfied. These

spheres are called dispersion spheres. If diffraction occurs, A #0, 7 e 0 i satisfied, and

the trajectories of the starting points of the wave vectors form two curved surfaces that approach
the dispersion spheres asymptotically. These surfaces are called dispersion surfaces.

Dispersion spheres Dispersion surfaces

Fig. 6.2.2 Relationship between dispersion surfaces of two-wave approximation and
reciprocal lattice points

The condition under which the starting points of the vectors k, and kg are on Lo in Fig. 6.2.2
corresponds to the condition under which the diffraction condition is satisfied under the
kinematical theory of diffraction. Here, the starting point of the wave vector, K, observed out of
the crystal is on L in Fig. 6.2.2. This point L is called the Laue point. In the dynamical theory
of diffraction, the starting points of the vectors Kk, and k, are on the dispersion surfaces, so that
k, and K, satisfying the diffraction condition have two types of starting points corresponding to

142



the two dispersion surfaces above and below L. The dispersion surface closer to the Laue point
L is called the & branch, while the surface further from the Laue point is called the #branch.

The waves in the crystal expressed by the wave vectors whose starting points are on the « and 3
branches are called the Bloch wave & and Bloch wave g, respectively. The wave vector of the
Bloch wave allowed to exist within the crystal has its starting point at the point specified by the
boundary condition on the dispersion surface, a point called the dispersion point. As discussed
later, the two waves, Bloch wave « and Bloch wave f, interfere with each other in the crystal
and cause phenomena characteristic to the dynamical theory of diffraction.

As discussed up to this point, in the two-wave approximation that holds under typical
experimental conditions, the wave vectors of the waves propagating in the incident and
diffraction directions, respectively, have their starting points on the dispersion surfaces specified
by the fundamental equation and their end points on the origin of the reciprocal lattice and on
the reciprocal lattice point at which diffraction is excited. Rotating the crystal with respect to the
incident X-ray beam moves the starting points of these wave vectors on the dispersion surfaces.
Here, the electric field, E, in and out of the crystal at each point can be calculated from the
boundary conditions and the fundamental equation, and the diffraction intensity can be
calculated as the square of this electric field.

The measured diffraction intensity and the amount of the shift from the diffraction condition
need to be calculated separately for each arrangement of the crystal with respect to the incident
and diffracted waves. These arrangements include the Laue case, in which the diffracted wave
exits the crystal from a surface other than the incident surface, and the Bragg case, in which the
diffracted wave exits the crystal from the same surface as the incident surface. Here, we
consider the Bragg case, which is used for the thin film measurement.

Also regarding the polarization condition, we consider the & polarization for the sake of
simplicity.

6.2.5 Shift from Diffraction Condition

As discussed in the previous section, the diffraction intensity can be calculated as a function of
the incident X-ray angle with respect to the lattice plane by using the boundary conditions and
the fundamental equation in the two-wave approximation. This angle dependence of the
diffraction intensity is called the rocking curve. In preparations for calculating the rocking
curve, this section discusses the relationship between the amount of the shift of the incident
angle from the diftraction condition and the electric fields of the incident and diffracted waves
for the Bragg case.

When z denotes the vector perpendicular to the sample surface pointing to the depth direction,
the point at which the dispersion surface and the z intersect is the dispersion point. Fig. 6.2.3
illustrates this for the symmetric reflection in the Bragg case. Fig. 6.2.3 exaggerates the
proximity of the Laue point.
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Incident X-ray beam Py L /&

Diffracted X-ray beam

g

Fig. 6.2.3 Dispersion point for symmetric Bragg case

When the incident angle is scanned from the lower angle to the higher angle, z moves from z°
through Lo to z". When z is above L, (lower angle side of the diffraction peak) or when z is
below Ly (higher angle side of the diffraction peak), z has two intersecting points on the same
branch. When z is between the ¢ and S branches, z does not intersect with the dispersion
surfaces. In this region, the diffraction condition is always satisfied and a total reflection occurs.
A dispersion point corresponding to a position of z moves on the dispersion surface in the
sequence P;’ > L — Lo — L, - Pa.

Consider the relationship between diffraction intensity and the amount of the shift of the
incident angle & with respect to the sample from the Bragg angle, &s. We can express this shift
in terms of W, the distance between the points p, and pg, as defined in Fig. 6.2.3, normalized by
the distance between the points L; and L,. We define W so that I increases when & increases.
Then, the following formula holds:

W= PoP, _ 2Asind, 0-6,-A0)) Formula 6.2.44
L.L, A

Here,

_2mcosf, Acosf,

A= =
splzl 1P|z

Formula 6.2.45

A@O _ —}(0 :2.(1—7/1)
sin28, sin26,

Formula 6.2.46

where A6, is the shift in the Bragg angle due to refraction.
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Of the two intersecting points of z on the same branch of the dispersion surfaces, consider the
j-th dispersion point. We calculate the ratio 7; of the amplitudes of the electric fields E,; and Eg;
of the waves in the incident and diffraction directions using /., as in the following formula:

E g |P | : - 2

r,=——=—explia )\-WFvW* -1 Formula 6.2.47
E. P g

9

Here, the higher of the double signs corresponds to j = 1 and the lower to j = 2, while exp(icz)

expresses the phase component of electric susceptibility ye.

6.2.6 Rocking Curve

In the previous section, we obtained the amplitude ratio between the electric fields E,; and Eg; of
the waves in the incident and diffraction directions, respectively. Next, consider the rocking
curve observed in the experiment. For the sake of simplicity, we ignore the absorption in the
discussion. Then, we include the absorption in the discussion.

Earlier we noted that two Bloch waves exist within the crystal in the range ' > 1. These two
waves correspond to the component from the crystal surface toward the interior of the crystal
and the component from the inside toward the surface. Here, the component from the interior
toward the exterior of the crystal must be reflected from the rear surface of the crystal. If the
crystal is thin, the Bloch wave reflected from the rear surface exists. If the crystal is infinitely
thick, this Bloch wave is absorbed, and only the Bloch wave moving from the surface toward
the interior remains. Here, we call a crystal of sufficient thickness compared to the extinction
distance discussed later as an “infinitely thick crystal” and one that having thickness
approximately equal to the extinction distance as a “thin crystal”.

1. Infinitely thick crystal

First, consider an infinitely thick crystal in which a reflection from the rear surface does not
exist and only a single Bloch wave is present in the crystal. In this case, given the boundary
conditions, the following formulas hold at the surface at z = 0.

E, :W<-1 E, W<-1
E! = E? = Formula 6.2.48
E,:W=>1 ¢ |EL W2 ]

Here, the amplitude of the diffracted wave can be expressed by the following formula using
Formula 6.2.47.

| |exp(za )( WFAW )E |W|>1
| |exp(za )( W +iN1— )E <1

Formula 6.2.49
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Here, the higher of the double signs in Formula 6.2.49 corresponds to j = 1, while the lower
corresponds to j = 2. E,; is given by E,“ regardless of the value of . The rocking curve as a
ratio of the incident intensity /, and diffraction intensity ;" is given by the following formula:

2
_ 0W| —w? ‘1)2 =1 Formula 6.2.50

1 :|W|<1

W
L

1

o

£
E;

Formula 6.2.50 gives a profile shaped like a top hat (Fig. 6.2.4). This profile is called the
Darwin curve. In the range | 7] < 1, all incident X-rays are diffracted, a phenomenon called total
reflection. Called the total reflection width, the width of the range across which total reflection

occurs is 2 in the scale of W and 2‘P H V4 g‘/ sin28, converted to an angle.

1 I I I I I
1.0 — —

o

0.6 — —

w
"y

04 -

02 —

0.0 | | | | |

Fig. 6.2.4 Rocking curve for Bragg case

(Infinitely thick crystal, disregarding absorption)
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2. Thin crystal

Now consider the case in which the reflection from the rear surface exists in the range | /] > 1.
Here, based on the boundary condition, the following formulas hold at the surface at z = 0.

Ej = Eol +E02
E'=E,+E,,

Formula 6.2.51

On the rear surface at z = T, the following formulas hold:

E  exp(ik, T)+E,, exp(ik,, T)=E;exp(iK T) Formula 6.2.52

E, exp(ik, . T)+E,, exp(ik,, T)=0 Formula 6.2.53

glz g2z

The right hand side of Formula 6.2.52 corresponds to the transmitted wave moving from the
rear side.

Here, from Formula 6.2.47, the amplitudes of the waves are expressed as follows:

r,exp(ik,,.T
Eol = . . p( — ) . Ej’ Egl :rlEol
r exp(lngZT) —-h exp(lkglzT)
(k.. T) Formula 6.2.54
r, exXpl?
E,= ; | AP ; o Eg2=r2E02
r exp(lkglzT) - exp(lngZT)

As with the thick crystal above, E,; is given by E,” regardless of the value of 7, and the rocking
curve as a ratio of incident intensity 7, and diffraction intensity Z,” is given by the following
formula:

sinz(zzT\/W2 —l/A)

=1
1 |Ef W —Lesin® (W —1/ A d .
— = ormula 6.2.55
1, |E: sinhz(ﬂT\/l—Wz/A) <1

1= +sinh (21— W7 /A

Formula 6.2.55 gives the profile shown in Fig. 6.2.5. This oscillates according to the rotational
angle and thickness of the crystal. The oscillations in the range |¥] > 1 are generated by two
mutually interfering waves on the same branch and are called Pendellosung fringes. In this
case, the total reflection in the range |#] < 1 is not observed.
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Fig. 6.2.5 Rocking curve for Bragg case

(Thin crystal, 7/4 = 1, disregarding absorption)

So far, the discussion has disregarded the effects of absorption. At the end of this section, we
will now discuss the rocking curve while taking absorption into account.

With respect to absorption, the atomic scattering factor also includes a real component /> and an
imaginary component f” of the anomalous scattering factors. Accordingly, electric susceptibility
Ze» also includes y,” and y,”. Here, we expand Formula 6.2.14 as follows:

Ko =X HiX," Formula 6.2.56
' reﬂ’z ' ’/.e//i’2 0 ] .
e =—;Fg =—F2(fj +f;")exp(-ig-r;) Formula 6.2.57
c c J
" reﬂlz n reﬂ/z n .
Xg =~ . F"=~ . Z]:f, exp(—ig-r;) Formula 6.2.58

7. and y,” are generally complex numbers and have the following relationships:
Zg'z Zg'*, Zg”: Zg"* Formula 6.2.59

In particular, when the crystal has a symmetry center and the origin is placed at the symmetry
center, y,’ and y,” are real numbers and the relationships ;(g': X, and )(;"z X" hold.

Here, the following relationship holds:

Xe=Xe Formula 6.2.60
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Since the relationship, y,”’ << y,’, generally holds, the following formula also holds:

Ko7 = ngz 2y, 7," Formula 6.2.61

We use this condition here.

If we use the relationship above, the rocking curve of an infinitely thick crystal having a
symmetry center is given by the following formulas:

A N | Formula 6.2.62
L:W2+g2+\/(W2—g2—1+K2)2+4(gW—K)2 Formula 6.2.63
1+x? -
g= %, ; Formula 6.2.64
1P|,
=2z : Formula 6.2.65
X

Normally, g <0, x> 0, and |g| > |«] hold. Formula 6.2.63 gives the rocking curve as indicated in
Fig. 6.2.6. Here, the figure shows the cases of k=0 and x=0.1 (g= 0.5, and g = 1.0).
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Fig. 6.2.6 Rocking curves for Bragg case

(Infinitely thick crystal with absorption considered)

As implied by Fig. 6.2.6, the rocking curve for x# 0 is asymmetric. This is because the ranges
-1>W=>0and 0 < W <1 correspond to Bloch wave « and Bloch wave f, respectively, and the
former is less affected by absorption than the latter.

6.2.7 X-ray Standing Wave

Bloch wave « and Bloch wave fin the crystal are each a superposition of the wave (O wave)
propagating in the incident direction and the wave (G wave) propagating in the diffraction
direction. Four waves exist within the crystal. Here, for the Bragg case, when the crystal is
infinitely thick, of the two pairs of Bloch waves, only one each exists for Bloch wave « or
Bloch wave f. If the crystal is thin, all four waves exist, including both Bloch wave « and Bloch
wave f. Here, the O waves and G waves interfere separately, generating Pendellosung fringes.
We will discuss in detail the behavior of these Bloch waves in the crystal.

A Bloch wave in the crystal can be given by the following formula:

E, =E, exp(k, -r)+E_ exp(ik, -r)
- : (G=12) Formula 6.2.66
=exp(ik,, -r){E, +E  exp(ig-r)}

Here, to determine the behavior of the Bloch waves in the crystal, we calculate the intensity of
each Bloch wave at depth z from the surface. If we assume that components k- and k'g;. of the
imaginary components of k,; and kg perpendicular to the crystal surface pointing to the crystal
interior (the z components) are equal to each other and if we ignore absorption, the following
formula gives the intensity of the Bloch wave at depth z:
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2
2 2 E, E,
E"=E, 1+ —=| +2P—=cos(g-r) Formula 6.2.67
E E .
oj oj

This formula expresses a standing wave. The nodes or antinodes are on planes in which g-r is
constant. This means that the wave front of the standing wave is parallel to the lattice planes and
has a period equal to the interplanar spacing.

For the Bragg case, Bloch wave ¢ is generated on the lower angle side (/' < -1) of the total
reflection range. Here, since Eq1/E,1 < 0, the nodes of the standing wave are on the lattice planes.
On the higher angle side (/' > 1), Bloch wave fis generated. Since Eg/E,» > 0, the antinodes of
the standing wave are on the lattice planes. Fig. 6.2.7 illustrates this behavior.

W
Bloch wave a Bloch wave f3

Incident X-ray beam | | | |
/ | | | | Transmon

Diffracted X-ray beam

Fig. 6.2.7 Standing wave for Bragg case (for o polarization)

X-ray absorption by the atoms constituting the lattice planes is greater when the antinodes of the
standing wave are on the lattice planes than when the nodes are on the lattice planes. Bloch
wave « and Bloch wave f are differently affected by absorption. Bloch wave fis absorbed to a
greater extent. This is the cause of the asymmetric shape of the rocking curve, as indicated in
the example of the calculation in Fig. 6.2.6, in which diffraction intensity is weaker on the
higher angle side than the lower angle side.

6.2.8 Extinction Distance

When X-rays enter a crystal and are diffracted, the intensity of the X-ray beam propagating in
the incident direction decays as the X-ray beam propagates farther into the crystal. Here, the
extinction distance is the quantity used as a guide to the degree of X-ray penetration depth into
the crystal. The extinction distance /g for the Bragg case is defined as the depth at which X-ray
intensity declines to 1/e for W =0, as expressed below:

Atand Asind in&
I, = anvy _ ASMUy V. SINGp Ve Formula 6.2.68

2z 27P|x,| 2P|rAlF,| 4P lar|F,]
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The value is generally several micrometers to several dozen micrometers.

§6.3 Dynamical Theory of Diffraction in Multilayer Film Crystals

In general, for a multilayer film sample of a heteroepitaxial crystal, the lattice constants differ in
the substrate and in the film. In such cases, X-rays behave as if the lattice is strained at the
interface between the substrate and the film and between the layers in the film. To understand
dynamical diffraction phenomena in multilayer films and interpret measurement results, we
must apply the dynamical theory of diffraction in a strained crystal. Numerous theories have
been proposed depending on the type of strain in question. This chapter uses one of the theories,
called Darwin’s approach, to calculate the rocking curve, and discusses the relationship between
this theory and evaluations of epitaxial crystals.

6.3.1 Dynamical Theory of Diffraction for Strained Crystal

Given below are examples of dynamical theories of diffraction for strained crystals.

1. Darwin’s method

Darwin’s method regards a multilayer film crystal as a combination of perfect crystals
with different interplanar spacings, and the diffraction theory for a perfect crystal is
repeated. It is applied to local defects and planar defects, including stacking faults,
multilayer films, twin crystals, and grazing boundaries.

2. Eikonal theory

The eikonal theory is also called the beam theory. It describes the process whereby the
X-rays propagate in the crystal while being bent. It is applied to gradual elastic strain
over a wide region.

3. Takagi-Taupin theory

The Takagi-Taupin theory describes the propagation of the wave field in the strained
crystal as a differential equation. It can be applied to both elastic strain and local strain.

Here, we describe 1 Darwin’s method, which can be used to handle multilayer films and allows
for relatively quick calculations. Note that all theories use approximation, although Theory 3 is
considered more widely applicable, since it requires less rigorous conditions for valid
approximations than Theory 1 or 2. Theory 2 cannot be applied to a crystal containing large
local strains.

6.3.2 Rocking Curve of Multilayer Film

A multilayer film can be regarded as two or more thin crystals overlaid. For example, consider
the sample shown in Fig. 6.3.1, in which the substrate is numbered » = 0 and each layer of the
multilayer film over the substrate is numbered from n = 1 to n = N. When we take an arbitrary
layer n = m, it can be regarded as a thin perfect crystal, to which the dynamical theory of
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diffraction for a thin crystal as discussed in 2. of Section 6.2.6 applies. If we obtain the ratio
Eg"E," of the amplitude of the electric field of the wave (O wave) propagating in the
transmission direction and the amplitude of the wave (G wave) propagating in the diffraction
direction, we can use it as a recurrence formula and calculate the amplitude ratio from the
substrate, n = 0, to the topmost layer, n = N. In this manner, we can obtain the amplitude ratio of
the electric fields of the incident X-rays entering the surface and the diffracted X-rays exiting
from the surface. By squaring the amplitude ratio, we obtain the intensity ratio of the incident
and diffracted X-rays, or the rocking curve.

E.
)
- / (m + 1)-th layer
n= \ ZZO
=m-1l | :

E al‘m-l
| : (m - 1)-th layer

Fig. 6.3.1 X-rays in multilayer film

As indicated to the right of Fig. 6.3.1, E,/" "' is incident on the m-th layer in the incident
direction from the (m + 1)-th layer nearer to the surface, while E," exits into the (m + 1)-th
layer in a similar manner. Further, £,/ is incident on the m-th layer in the diffraction direction
from the (m - 1)-th layer nearer to the substrate, and £,/ exits into the (m - 1)-th layer in a
similar manner. Here, the waves E,;” and E,/" exist in the m-th layer and satisfy the boundary
conditions at the interfaces on the surface and substrate sides. In the case of a multilayer film,
boundary conditions must be satisfied at all interfaces between the layers as well as at the
crystal surface.

The boundary conditions for a multilayer film are more complex than those for the substrate

alone. However, we can simplify the boundary conditions by assuming that the wave vectors of
the incident and diffracted X-rays are the same in all layers.

When we take z = 0 for the interface on the surface side of the m-th layer and z = T,, for the
interface on the substrate side of the m-th layer, the boundary conditions at each interface are
given by the following formula:
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z=0:

m+l _ pm m
Eu _E01+E02

el . . Formula 6.3.1
Eg = Egl + Eg2
z2=Tn:
Eexp(ik,,.T,)+ E! exp(ik,,.T,) = E"" exp(ik,.T,)
. Formula 6.3.2
E'" exp(ik,,. m) +E s explik,,.T,) = E" exp(ik,.T,)
Here, using the expressions below,
' = E—;j Formula 6.3.3
j n o
on
e=exp(i(k ,.—k )T
PUkss. ~ ko)) Formula 6.3.4

eoZ = eXp(lkoZz m) e - exp(lngZ m)

Formula 6.3.2 can be expressed in matrix form. We use a matrix to easily calculate the
recurrence formula.

E;)_ 1 (ne-r' rr(-e 0YE M E!
E'") - e-1 1 —r'e O E”‘ e

M, = 1 ne—r n'r'(l-e) 0
n=r e-1 ' —r'e O e,

Formula 6.3.5

If we assume no X-rays enter the substrate from the rear surface (E,' = 0 and E,”" = 1), we can
apply Formula 6.3.5 from the substrate toward the surface layer one by one to obtain the
amplitude ratio of the electric fields of the incident and diffracted X-rays and the corresponding
intensity ratio: in short, the rocking curve.

EN+1
(ENHJ H( n ( J Formula 6.3.6
n=N
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Formula 6.3.7

The rocking curve expressed by Formula 6.3.7 changes in various ways depending on the layer
structure. Fig. 6.3.2 shows the example of the rocking curve calculated for the (004) plane of the
sample consisting of a GaAs (001) substrate and 200 nm of Ing01Gag.99As film. Here, we assume
that the crystal axes of the substrate crystal and the thin film crystal are not tilted with respect to
each other and that the lattice of the film is not relaxed.

Reflectivity

| 1 | |
-1000 -500 0 500 1000

Deviation Angle (arcseconds)

Fig. 6.3.2 Rocking curve of GaAs/GaAs (004)

As implied by Fig. 6.3.2, the diffraction peak of the thin film appears on the lower angle side of
the sharp diffraction peak of the substrate and the diffraction intensity oscillates on both sides of
the diffraction peak. This oscillation corresponds to the Pendellosung fringes related to the
reflected wave moving from the interface between the film and the substrate.

6.3.3 Rocking Curve Analysis

In general, the thickness and composition of the multilayer film cannot be determined directly
from the measured rocking curve. In actual analysis, we must simulate the rocking curve of a
multilayer film model (of hypothetical film thickness and composition) as described in the
previous section and change the thickness and the composition to reproduce the measured
rocking curve in the analysis. This section presents several examples to help clarify the
relationship between the rocking curve and the layer structure.
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1. Single layer film

Fig. 6.3.3 (a) shows the assumed layer structure, while Fig. 6.3.3 (b) shows the rocking curve
for the (004) plane calculated with this model.

10 T T
(004)
10"~ T
GaAs
107 =
)
f, "M InGaAs 7
InxGac-0As 200nm x=0.010 10° - .
JaAs Sk;lblt ate 10° 1~ N
| | | |
No relaxation -1000 500 0 500 1000
Deviation Angle (arcseconds)
(a) Layer structure (b) Rocking curve

Fig. 6.3.3 Layer structure and rocking curve

As shown in Fig. 6.3.3, the diffraction peak of the film appears at a lower diffraction angle with
wider width and lower intensity than the diffraction peak of the substrate. This is because the
film has a wider interplanar spacing in the (004) direction and because the crystal has a lesser
volume contributing to the diffraction than the substrate. From the shift of the diffraction peaks
of the substrate and the film, we can calculate the lattice constants of the film if the lattice
constants of the substrate are known. If the presence or absence of lattice relaxation and the
elastic constant are known, we can use the lattice constants to determine the composition ratio
of the mixed crystal (in this example, the ratio of InAs and GaAs) based on Vegard’s law.
Additionally, the diffraction intensity oscillates on both sides of the diffraction peak of the film.
We can obtain the thickness of the film based on the period of this oscillation.

Fig. 6.3.4 shows the changes in the rocking curve when x (the ratio of InAs and GaAs) of
InyGag - »As (x = 0.010) is changed from 1.0% to 1.2% (when we increase the interplanar
spacing).
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Reflectivity

-1000 -500 0 500 1000

Deviation Angle (arcseconds)

(Dashed curve: 1.0%, solid curve: 1.2%)

Fig. 6.3.4 Rocking curve

As shown by Fig. 6.3.4, when the interplanar spacing increases, the diffraction peak of the
InGaAs film shifts to the lower angle side, and the position of the oscillation in the diffraction
intensity shifts accordingly. If the position of the diffraction peak of the thin film does not agree
for the measurement and simulation, adjust the model using the composition ratio and lattice
relaxation rate so that the interplanar spacing of the film changes.

Fig. 6.3.5 shows the changes in the rocking curve when the thickness of the InyGai - nAs (x =
0.010) film increases from 200 nm to 210 nm.

10” T T T

Reflectivity

-1000 -500 0 500 1000

Deviation Angle (arcseconds)

(Dashed curve: 200 nm, solid curve: 210 nm)

Fig. 6.3.5 Rocking curve
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Fig. 6.3.5 shows that when the film thickness increases, the period of the oscillation in the
diffraction intensity decreases. If the period of the oscillation in the diffraction intensity of the
thin film does not agree for the measurement and simulation, adjust the model by changing the
film thickness.

2. Multilayer film

Fig. 6.3.6 (a) shows the layer structure assumed, and Fig. 6.3.6 (b) shows the rocking curve for
the (004) plane calculated with this model.

(004)

~

1. GexSix  50nm x=0.050
2. GexSi(1x) 300nm x=0.015

Reflectivity

Si substrate

-2000 -1000 0 1000

Deviation Angle (arcseconds)

(a) Layer structure (b) Rocking curve

Fig. 6.3.6 Layer structure and rocking curve

As shown in Fig. 6.3.6, the diffraction peaks of Film 1 and Film 2 and the oscillation in the
diffraction intensity appear superposed in the rocking curve. The wide diffraction peak
appearing farther on the lower angle side of the diffraction peak of the substrate is considered
attributable to Film 1 based on its characteristics of a larger Ge composition ratio (high
difference in interplanar spacing compared to Si substrate) and lower film thickness. The
oscillation in the diffraction intensity accompanying this diffraction peak appears at a larger
period because the film is thinner. The diffraction peak relatively narrower and closer to the
substrate peak is considered attributable to Film 2 based on its characteristics with a smaller Ge
composition ratio (low difference in interplanar spacing compared to Si substrate) and greater
film thickness. The oscillation in the diffraction intensity accompanying this diffraction peak
appears at a smaller period because the film is thicker.

Since the X-rays in each layer are related by boundary conditions and are not independent, the
rocking curve of a multilayer film is not a superposition of the rocking curves of the
independent layers in the strictest sense. However, if we have a rough idea of the layer structure,
the diffraction peaks and oscillating components of the diffraction intensity can be assigned to
each layer as above.
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3. Superlattice

Fig. 6.3.7 (a) shows the superlattice structure assumed, while Fig. 6.3.7 (b) shows the rocking
curve for the (004) plane calculated with this model.

(004)

Reflectivity

GaAs 5nm 10 layers

InxGag-xAs 5Snm x=0.200

GaAs substrate -8000 4000 0 4000 8000

Deviation Angle (arcseconds)

(a) Layer structure (b) Rocking curve

Fig. 6.3.7 Layer structure and rocking curve

As shown in Fig. 6.3.7, the rocking curve of a superlattice has many diffraction peaks called
satellite peaks. Of these satellite peaks, the peak appearing at the position corresponding to the
average lattice constant of the two layers constituting the superlattice, GaAs and Ing>GagsAs, is
called the zeroth order satellite peak. From the position of the zeroth order satellite peak, we can
obtain the average lattice constant of the superlattice. For this example, we can use the lattice
constant to obtain the composition ratio x. On both sides of the zeroth order satellite peak, the
n-th order satellite peaks appear at the interval corresponding to the thickness of the entire
superlattice film. This interval can be used to determine the thickness of the entire superlattice
film. Generally speaking, the number of repetitions in a superlattice film is known from film
growth conditions. In this case, we can obtain the thickness of a unit of the superlattice
structure—the period of the superlattice.

If the positions of the diffraction peaks do not agree for the measurement and simulation, adjust
the model by changing the average lattice constant for the position of the zeroth order satellite
peak and by changing the superlattice period for the interval of the satellite peaks. Since the
ratio of the thickness of the two layers constituting a unit of the superlattice structure influences
the relative intensity ratio of the satellite peaks, adjusting the model to reproduce the entire
rocking curve measured can provide detailed information on the superlattice.
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§6.4 Summary

This chapter discussed the dynamical theory of diffraction, which is applied to perfect crystals
(e.g., Si, Ge, and GaAs). Summarized below are the important formulas described in this
chapter.

1. Fundamental equation of dynamical theory of diffraction
k' -K*
g —
K2 E g Zh: Z g—hEh

2. Boundary conditions
E =E!, D,=D;

2 E, explik,Z)= 3 E; exp(iK,,Z,)

Fg =K kg =K

3. Wave field in crystal under two-wave approximation
E=E, exp(ik, r)+E, exp(ik, -r)

4. Rocking curve

Bragg case, infinitely thick crystal, absorption disregarded

o |Ef QW|—\/W2—1)Z =1

4 1 | <1

o

E,
E;

Bragg case, thin crystal, absorption disregarded

sinz(nT\/Wz —1/A)

2

Ww=1
5B w —1esintlerw —1/4) i
1, |E, sinhz(ﬂT\/l—W2/A)

W1
1= +sinh (21— /A d

Bragg case, infinitely thick crystal, absorption considered

I
L =L -1
1

[

W2+g2+\/(W2—g2—l+K2)2+4(gW—K)2 7" Z."

b= i x el T
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5. Extinction distance

|- Atan8,  Asind, v, sind, v,
=

22 24P|x,| 2PlAE,| 4Pl

Fg|

6. Rocking curve of multilayer film (Darwin’s approach)

E; _ 1 ne-r, n'r(l-e))e, 0 E;_l M E;"l
E') r'—-r| e-1 r-rle \ 0 e, \E" "\E

n n n_.n
M = 1 n'e—r, nr'r(1-e) {egz Oj
n _n n n n
B\ e—1 n'-re {0 e,
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Chapter 7 Kinematical Theory of Diffraction

The kinematical theory of diffraction describes the intensity or angle distribution of the X-ray
diffraction generated by a mosaic crystal. A mosaic crystal refers to a crystal containing
numerous lattice defects such as grain boundaries and dislocations and disordered
three-dimensional periodicity. Due to these disorders, the incident X-ray beam can be assumed
to scatter only once in the crystal. This is the concept of the kinematical theory of diffraction.

The size of a crystal grain determines whether we select the dynamical theory (discussed in
Chapter 6) or kinematical theory of diffraction. If the size of the crystal grain is several
micrometers or less, the kinematical theory of diffraction is generally regarded to hold. If the
crystal grain is greater, the dynamical theory of diffraction is regarded to hold. The dynamical
theory of diffraction holds only in a limited number of materials such as semiconductors
(including Si and Ge) and compound semiconductors (including GaAs and AlGaP). The
kinematical theory of diffraction discussed in this chapter applies to most inorganic and organic
crystals.

§7.1 General Description of X-Ray Scattering by Materials

This section discusses the amplitude of the Thomson scattering of X-rays by a material of
arbitrary form—i.e., not necessarily a crystal.

We assume that X-rays are scattered only once in the material. We also assume that the incident
beam in the material contributes only to diffraction and is not weakened by absorption.

7.1.1 Description of Scattered X-Rays

We define ko and k as the wave vectors of the incident and scattered waves when an X-ray beam
enters a material and is scattered. (A wave vector is a vector whose length is 1/4 (the inverse of
the wavelength, 1) and whose direction is the same as the direction of the X-ray propagation.)
The vector, k-ko, is called the scattering vector and expressed as K.

K=k-k, Formula 7.1.1
The magnitude of K is given by the following formula:

K =—sin— Formula 7.1.2
A 2

Here, © is the angle between ko and k, and is called the scattering angle. Fig. 7.1.1 shows the
relationship between ko, k, K, and ©.
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Scattered X-ray beam

Incident X-ray k K
beam o)

Material ko

Fig. 7.1.1 Wave vectors of the incident and scattered waves and the scattering vector.

7.1.2 X-Ray Scattering from Entire Material

X-rays in a material are scattered by electrons. In general, the distribution of electrons is not
uniform, with electron density varying depending on the position within the material. For this
reason, the amplitude of the scattered wave moving from the entire body of the material is the
sum of the amplitudes of the scattered waves from different positions in the material with the
phase shift considered.

Assume an arbitrary position in the material to be the origin of the coordinates and denote the
electron density at the point A separated from the origin by r as p(r). The scattered wave
moving from point A has phase difference K- r compared to the scattered wave moving from the
origin (we calculate phase difference by multiplying 2774 and the optical path difference). When
po(r) dr denotes the probability of existence of an electron in the infinitesimal volume element
dr at point A, the amplitude of the wave scattered at point A is proportional to p(r)e-X"dr,
taking into account the phase shift depending on the position. Thus, the amplitude of the
scattered wave from a scattering element is obtained by solving the following formula below
which integrates p(r)e-®"dr over the entire scattering element by the scattering amplitude, -re,
for a single electron:

| p(r)e *dr = A(K) Formula 7.1.3
scattering body

A(K) is the Fourier transformation of the electron density of the scattering element and is called
the structure factor. The structure factor is related to the structure of the scattering element and
is a fundamental quantity in structure analysis.

The amplitude of the electric field of the X-rays undergoing such a scattering process is
expressed as follows at position r of the scattering element:

ikr
sse

E(r) — goeikﬂ'r + {_ rego . 8SA(K)} FOrInula 7.1.4

r

Here, & is the permittivity of vacuum and & the permittivity of the material. The second term
expresses the scattered wave, which propagates as a spherical wave moving from the scattering
element. The intensity of the scattered wave is given by the square of this term, as follows:
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2
[=1,—~|a(K)’ Formula 7.1.5
r

This is proportional to the square of the Fourier transform A(K) of the electron density of the
scattering element.

A (ElecEron density, o(r)) Scattered wave

Incident wave | K\a

0

»-
>

Scattering element

Fig. 7.1.2 X-ray scattering by scattering element

Here, Iy denotes the intensity of the incident wave. When I. denotes the scattering intensity for a
single electron, intensity can be rewritten, as follows:

2

=1 Formula 7.1.6

AR =1,

J. p(re ™ dr

scatterer

This formula is a generic formula that applies whether the scattering element is a solid, liquid,
or gas. It constitutes the foundation of the kinematical theory of diffraction.

§7.2 X-Ray Scattering from Crystalline Material

At the beginning of Section 7.1.2, we stated that the electron density in a material is not uniform.
The concentration and regularity in the electron density depends on the type of element
constituting the material, the crystallinity, and the symmetry of the crystal. Next, we discuss
scattering based on the type of element and the crystal system.

7.2.1 Atomic Scattering Factor and Crystal Structure Factor

The atomic scattering factor expresses the scattering intensity of the X-rays based on the
electron density distribution of a single atom. The atomic scattering factor is obtained by
applying the formula for the entire scattering element to a single atom as follows:

jd‘o,np (p) eMdr=f (K) Formula 7.2.1
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A(K) in Formula 1.2.11 is specifically expressed as f{K) when referring to a single atom. f{K) is
a non-dimensional quantity and is a real number when the absorption by an atom is not
considered. The amplitude of the scattering by an atom is -7,f. The scattering intensity is given
by the following formula:

PreZ f2

I=11%=1, = Formula 7.2.2

We determine the expression for f by assuming a spherical symmetry in the electron density
distribution of an atom. Electron density p(r) is a function of only r, which is the magnitude of .
When we take the direction of K as the polar axis of the spherical coordinates (p, &, f), fis

given by the following formula:

f(K)= J.: J.O” J.:” p(r)exp(—iKr cos a)r’ sin od fd edr

sin Kr
dr Formula 7.2.3

= ["4mp(r)

The atomic scattering factor fhas the same value for different wavelengths of the X-rays if the
magnitudes of the scattering vectors are the same.

The electron density distribution is calculated as the square of the wave function y(7) of an
electron in the atom.

p(r)= |1//(r)|2 Formula 7.2.4

The wave function y(r) is calculated by the Hartree-Fock method or the Thomas-Fermi method;
fis calculated based on the results.

The atomic scattering factor f'calculated as such depends on the atomic number and the
scattering angle. Fig. 7.2.1 shows the dependence of the atomic scattering factor on the atomic
number and the scattering angle for several elements. The horizontal axis, sin® 4, corresponds
to the direction of the scattered X-ray with respect to the incident X-ray. When sin@/' 1 = 0, the
scattering direction is the same as the direction of the incident X-ray propagation. As sin@/A
increases, the X-ray is scattered more to the back.

An element with a larger atomic number scatters X-rays more strongly, increasing the
magnitude of /- The intensity of the scattered X-ray is proportional to the atomic number along
the direction of X-ray propagation.

The intensity of the scattered X-rays is highest in the direction of the incident X-ray propagation
and gradually decreases to the side and backwards. Along the direction of X-ray propagation,
X-rays scattered by any electrons in the atom have the same phase, and the scattered X-rays
interfere constructively. In the direction opposite the direction of X-ray propagation, the phase
of the X-ray scattered by each electron differs depending on the position of the electron. The
scattered X-rays interfere destructively, resulting in a low intensity.
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Fig. 7.2.1 Angle dependence of atomic scattering factor

Here, the curves differ depending on the elements because the orbitals of the electrons for each
element and their spatial distribution differ. When the spread of the orbitals is small, X-rays
scattered at any position have only small phase differences, since the distances between the
scattering positions are small. When the spread of the orbitals is large, the phase difference may
be large, depending on the positions at which the X-rays are scattered.

The atomic scattering factor basically does not depend on the wavelength of the X-rays.
However, when X-rays have a wavelength extremely close to the absorption edge of the atom
and demonstrate strong absorption, we observe the resonance effect and are compelled to
consider anomalous scattering. The atomic scattering factor including anomalous scattering is
given by the following formula:

S(K)= f,(K)+Af"(E) +iAf"(E) Formula 7.2.5

Here, fo(E) is the atomic scattering factor, /’(E) the real component of anomalous scattering, and
17 (E) the imaginary component of the anomalous scattering. The parameters f'(E) and £’ (E)
depend on the element and wavelength of the X-rays and have been calculated based on theory.
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The anomalous scattering occurs mainly due to the electrons in the K shell. Since the spatial
spread of the K shell is small, the anomalous scattering terms of the atomic scattering factor
lack strong scattering angle dependence. If we use X-rays with wavelengths a slight distance
from the absorption edge, the anomalous scattering is small compared to f; and can generally be
ignored. However, it cannot be ignored for precise discussions of electron distribution. To
perform analysis for a particular atom in a crystal, select a wavelength close to the absorption
edge to use the anomalous scattering terms.

7.2.2 Crystal Structure Factor

A crystalline material is a three-dimensional regular structure of atoms or molecules. The
crystal structure factor indicates the scattering caused by the entire material (in other words,
the entire crystal) when atoms having atomic scattering factors characteristic to each element
form a three-dimensional periodic structure in the crystal.

In a crystal, electron density distribution p(r) has a three-dimensional periodicity. Assume the
origin (0, 0, 0) to be an arbitrary lattice point in the crystal and denote the fundamental vectors
of the three-dimensional structure as a, b, and c. If the coordinates of a lattice point are (p, ¢, 7),
this lattice point is at position pa + gb + r¢ from the origin. When the distance to a point in the
unit cell to which this lattice point belongs is denoted as r = (pa + gb + r¢) + r°, p(r) = p (r’)
holds, since the crystal has a repeating structure.

r’

r=patgb+rctr’ 7\

patgb+trc

b

a

Fig. 7.2.2  Unit cell and scattering point in crystal

The amplitude of the scattered wave moving from the entire crystal is obtained by rewriting the
formula expressing the amplitude of the scattered wave from an atom for the entire crystal. As
the crystal has a regular structure, the formula can be transformed as follows:

A(K) = J. p(r) e ™ dr Formula 7.2.6

crystal
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p(r') exp (—iK - r') dr'  Formula7.2.7

= ZZZexp {—iK-(pa+ gb + rc)}ju

Poq

nit lattice

Formula 1.3.9 shows that the scattering amplitude from the entire crystal is equivalent to the
scattering amplitude calculated by assuming a scattering element at each lattice point with a
proportional scattering amplitude, as expressed below:

F(K)= p(r)e™ dr Formula 7.2.8

unit lattice

This F(K) is called the crystal structure factor and depends on the electron density in the unit
cell or on the atomic arrangement.

We can express the electron distribution in the crystal as a superposition of the electron
distribution of free electrons. Assume that the j-th atom in the unit cell is at position r; with
respect to the origin of the unit cell and express the electron density distribution associated with
this atom as pi(r - r;). Then, the electron density distribution in the unit cell is given by the
following formula:

p(r)zz,oj (r—rj) Formula 7.2.9
j

Thus, the crystal structure factor is expressed as follows:

F(K)= Zj.pj(r—rj)exp(—iK-r)dr

= Zexp(— K-, )_[ p; (r')exp(—iK -r')ir'
= Zf] (K)exp(— iK »rj) Formula 7.2.10

Here, we used r - r; = r’ and expressed the atomic scattering factor of the j-th atom as f;(K). The
crystal structure factor is the sum of the atomic scattering factors of the atoms in the unit cell
with the phase shift K-r; regarded to be the contribution from the atom at position r;.

7.2.3 Laue Function

The Laue function is a function incorporated into the crystal structure factor and expresses the
relationship between crystallinity and angular distribution of the scattered X-rays.

In the crystal structure factor of Formula 7.1.8, denote the sum over the lattice points in the first
half as G(K). If the crystal is a parallelepiped having three sides parallel to the a, b, and ¢ axes
and the numbers of repeating unit cells along these directions are N,, Ny, and N, respectively,
G(K) is given by the following formula:
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G(K) = ZZZexp{— iK »(pa +gb+ rc)}

q r

N,-1 N,-1 N1
= z exp(ipK - a) z exp(ipK -b) z exp(ipK -¢) Formula 7.2.11
p=0 q=0 r=0

A discussion of scattering intensity requires |G|2 , given by the following formula:

sinz(]\;“K ~aJ sinz(]\;”K vbJ sinz(]\;”K -CJ
G| = Formula 7.2.12

sin? lK»a sin? lK~b sin? lK-c
2 2 2

This function is called the Laue function. Finally, the amplitude of the X-rays scattered by the

crystal is derived from the expression of A(K) and given by the following formula:

AK) =G(K)F(K) Formula 7.2.13
The scattering intensity is given by the following formula:

1= Ie|G(K)|2|F(K)|2 Formula 7.2.14

Here, we discuss the characteristics of the Laue function.
. . N . 1 . .
Figure 7.2.3 below shows smz(z“K . aj/sm2 (2K . aj with K -a as the horizontal

axis. It has major local maximum peaks when K -a =27 (his zero or a positive or negative
integer) is satisfied and is zero at +27/N,, £47/ N, ,and £67/ N, on both sides of the

major peaks. Smaller minor local maximum peaks appear in between. The height of the major
peaks is N,°, and the FWHM of the major peaks is approximately 27/N,. As N, increases, the
height of the major peaks increases significantly and width decreases. The height of the minor
peaks is—for example, when N, = 10—4.5% of the major peaks for the first minor peaks and
1.6% of the major peaks for the second minor peaks. When J, is large, they can generally be
disregarded. In the case of an ordinary crystal with large values for N,, Ny, and N, the Laue
function has sharp peaks only at

K-a=27zh, K-b=27k, K-¢c=2x Formula 7.2.15

where 4, k, and / are zero or positive or negative integers.

The local maximum peak value is given by the following formula:

IG(K)[ =(N,N,N,)* = N* Formula 7.2.16

The condition for the above local maximum peaks is called the Laue condition.
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120

100 +
Sinz(%K'a) 80 -
sin?(L K -a)
60 1

40 T

20T

-10 -5 KQa 5 10

sin(2 K -a)

Fig. 7.2.3 Laue function: ——~~—~
s sin’(1K -a)

(For N, = 10)

Now we will discuss the spatial relationship between the Laue functions for different axes.

Consider the scattering that occurs when the X-ray beam is incident on a single crystal sample
placed at a certain orientation. When the single crystal sample is positioned, we determine the
direction (a) of the sample a axis. When the X-ray beam is incident on the sample, we also
determine the incident wave vector ko. The Laue function for the a axis restricts only the scalar
product of the scattering vector K and the unit cell vector a, so that K is not determined
uniquely. The scattering wave vector k that defines K together with ko forms a cone and is also
not uniquely determined. Fig. 7.2.4 shows this relationship schematically. The thickness of the
circle on which the tip of the vector K rests corresponds to the width of the major local
maximum peaks of the Laue function indicated in Figure 7.1.3.

a (Determined by sample placement)

The tip of the scattering vector K
satisfying K+-a = 2 is found on this
circle but is not uniquely determined.

(Determined by incident orientation of X-ray)

Fig. 7.2.4 Laue function for a axis
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In addition to the a axis, the b and ¢ axes are also present in the sample. The Laue function can
be drawn for the b and ¢ axes in a manner similar to the a axis. Fig. 7.2.5 shows the Laue
function for the b axis added to Fig. 7.2.4. The scattering vectors satisfying both conditions are
restricted to two vectors. When we consider the Laue function for the ¢ axis, the scattering
vector K is restricted to a single vector. Clearly, we observe only one diffracted beam from the
(hkl) plane of a single crystal sample.

76%

»\

N

v
=n

ko

/

Fig. 7.2.5 Laue function for a and b axes

The distribution of the scattering vector K is narrower when the widths of the circles specified
by the Laue function for the a, b, and ¢ axes are thinner. In other words, when the number of
unit cells constituting the crystal is greater, the scattered X-rays are generated across a narrower
range of angles. If the single crystal has an anisotropic shape such as an acicular crystal, a plate
crystal, or a single crystal thin film, and the number of the unit cells stacked in the direction of
each axis differs, the spread in the scattered X-rays exhibits anisotropy.

7.2.4 Extinction Rule

The magnitude of F(K) also depends on the value of (pa +gb+ rc); that is, the coordinates of

he atoms contained in the unit cell and the Miller indices. Here we discuss how the value of
F(K) changes based on the type of Bravais lattice and Miller indices, using an example of a
cubic crystal composed of a single type of atom.

A. Simple Cubic Lattice

A simple unit cell is expressed as a lattice formed by eight atoms, as shown in the figure below.
Among these atoms, the coefficients (x;, yj, z;) of the coordinates (ax;, by;, czj) of the atom at the
origin are expressed as (0, 0, 0). Other atoms are also found at the origin of the unit cells
adjacent to this unit cell, and the coordinates for the atoms in a simple unit cell are all given as
(0,0, 0).
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Origin of the unit

cell expressed in
solid lines, (0, 0, 0)

Origin of the unit cell
expressed in dashed

lines, (0, 0, 0)

Fig. 7.2.6  Coordinates of the atoms in the simple unit cell

The factor ezm(hx’ i)

a simple unit cell, does not depend on the Miller indices, due to the relationship,

within Formula 1.3.9, which expresses the crystal structure factor for

ni nmi

e’ =e"" = (— 1)" . Instead, it is given by the following formula:
el thrty) _ amno g Formula 7.2.17

Thus, for a simple unit cell, the following formula holds:

F(K)Zf(K) Formula 7.2.18

B. Body-Centered Cubic Lattice

The coordinates of the atoms are expressed as (0, 0, 0) and (1/2, 1/2, 1/2) for a body-centered
cubic lattice. The crystal structure factor is calculated as follows:

F(K) = ij (K)ezm(hx_,.+kyj+,zj)

_ i:fj(K)ezm'xo +Zn:fj(K)ezm'{(l/2)h+(1/2)k+(1/2)1} Formula 7.2.19
Jj=1 Jj=1

In short, the value of the crystal structure factor for a body-centered cubic lattice depends on the
Miller indices and is expressed by the following formulas:

F(K): 2f(K) : when & + k + [ is an even number.
F(K)=0 : when /& + k + [ is an odd number.
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A crystal with a body-centered cubic lattice does not cause diffraction by crystal planes such as
(111) and (221). The formula describing the phenomenon whereby F(K) = 0 for a set of (/4kl)
with a specific relationship is called the extinction rule.

C. Face-Centered Cubic Lattice

The coordinates of the atoms are expressed as (000), (1/2, 1/2, 0), (1/2, 0, 1/2), and (0, 1/2, 1/2)
for a face-centered cubic lattice. The extinction rule is expressed as follows:

F(K)=4f(K) : when A, k, and / are all odd or all even numbers.

F(K)=0 : when A, k, and / are a mixture of even and odd numbers.

D. Cubic Lattice with Diamond Structure

A cubic lattice with a diamond structure has an atomic arrangement formed by overlaying two
face-centered cubic lattices whose origin is at (0, 0, 0) and (1/4, 1/4, 1/4). The extinction rule is
expressed as follows:

F(K)=8f cwhenh +k+1=4m

F(K)y=4(1xi)f :when h +k+[=4m+ 1 (mis zero or a positive or negative
integer)

F(K)=0 cwhenh +k+1=4m+2

E. Cubic Lattice with Rock Salt Structure

The cubic lattice with a rock salt (sodium chloride) structure has an atomic arrangement formed
by overlaying the face-centered cubic lattice of the Na" ions with its origin at (0, 0, 0) and the
face-centered cubic lattice of the Cl™ ions with an origin at (1/2, 1/2, 1/2).

F(K)= 4(fNa+ + fcr) : when 4, k, [ are all even numbers
F(K)=4(f,, —f, ) :whenh, k [are all odd numbers
F(K)=0) : when 4, k, and / are a mixture of even and odd numbers.

When several types of elements are present in the crystal (as in the case of sodium chloride), the
degree of decline in the diffraction intensity due to the extinction rule also depends on the
values of the atomic scattering factors. For example, in KCl and CslI, the atomic scattering
factors of the cations and anions are virtually the same. Thus, the diffraction intensity is
extremely small when 4, k, [ are all odd.

7.2.5 Effects on X-Ray Scattering Phenomena Other Than Crystal Structure

We describe X-ray scattering by the structures indicated above for an ideal case in which the
atom positions are all completely fixed in a crystal free of lattice disorders. Actual materials, of
course, are subject to thermal vibration and disorders in three-dimensional periodicity, which
spread the angular distribution of the scattered X-rays and reduce intensity.
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